Journal of Number Theory 248 (2023) 27-53

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Number Theory

journal homepage: www.elsevier.com/locate/jnt

General Section

On newforms and Saito-Kurokawa lifts

L))

Check for
Updates

V.K. Adersh ¢, M. Manickam "*, M.M. Sreejith ¢

& TKM College of Arts and Science, Kollam, Kerala, India
Y Indian Institute of Science Education and Research, Bhopal, India
¢ Kerala School of Mathematics, Kozhikode, Kerala, India

ARTICLE INFO ABSTRACT

Article history: In this paper, we derive the Saito-Kurokawa isomorphism on
Received 16 June 2022 the space of newforms for Maafl spezialschar of degree 2,
E{Oe;;lved in revised form 6 January weight k, level M, where 32|M and primitive character x
modulo M with x(—1) = (=1)* and x? is primitive modulo
Accepted 6 January 2023 M/2. We first dez/(élo )the (corr)es ondi); thzor of newforms
Available online 27 February 2023 : ; P X P g Y
Communicated by L. Smajlovic for respective spaces of half-integral weight modular forms,
Jacobi forms and then for Maass forms and as a consequence

MSC: we get the Saito-Kurokawa isomorphism.

primary 11F37, 11F50, 11F46 © 2023 Elsevier Inc. All rights reserved.
secondary 11F11, 11F30

Keywords:

Newforms

Kohnen plus-space
Jacobi forms

Siegel modular forms
Saito-Kurokawa lift
Maass space

1. Introduction

Through numerical examples N. Kurokawa [9], independently H. Saito and H. Maass
predicted the existence of Hecke eigenforms in the space of degree two Siegel modular
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forms whose eigenvalues correspond to the eigenvalues of elliptic modular forms. H. Maass
introduced and studied a canonical subspace called ‘Maaf} spezialschar’ in degree two
Siegel modular forms. The Maass space corresponds to the elliptic modular forms via
Saito-Kurokawa correspondence. It lifts a given normalised newform f of weight 2k — 2,
level M and character x? into Hecke eigenforms F in the Maass space of degree two,
weight k, level M and character x. In general for a given normalised newform f, how
many linearly independent Maass Hecke eigenforms F' are lifted into the Maass space is
not known. If M is a square free integer and y is the trivial character then the Saito-
Kurokawa correspondence gives an isomorphism and hence the normalised newform f is
lifted into a unique Hecke eigenform F. For the details we refer to [1,15-17,21,4,14,12,6].
The present paper aims to set up isomorphism for the Saito-Kurokawa correspondence on
newforms for arbitrary level M under the assumptions that 32| M and the involved char-
acters are primitive, and prove that the newform f is lifted into 2 linearly independent
Maass forms under the Saito-Kurokawa correspondence.

We organise the paper in the following manner. In §3, we consider both plus spaces of
the same weight k — 1/2 and character xq for the groups I'o(M),Ty(4M), respectively.
We then derive the Shimura-Kohnen lifts on each of the spaces and develop the respective
theory of newforms for both the spaces. Next, in §4 we derive the Eichler-Zagier canonical
map and get the theory of newforms for the space of Jacobi forms. Finally, we develop
the theory of newforms for the Maass space in §5.

More precisely, we make the following assumptions. Let & > 2, M = 272N
(21 N, o > 6) be integers. Let x modulo M be a Dirichlet character with e = x(—1) such
that yo = (%) x is an even character modulo M. Let cond(x) = M and cond(x?) = M/2.
If f is a normalised newform of weight 2k — 2, level M /2 with character x?, we derive
that the form f is lifted into two linearly independent Hecke eigenforms F, F'|Bg(4) in
the Maass space of degree two Siegel modular forms of weight k, level M with charac-
ter x under the Saito-Kurokawa correspondence (see Theorem 1.4 and Remark 5.2 in
§5.1). Moreover, the relevant Saito-Kurokawa isomorphism maps the space of newforms

mew, (M2, x?) into the space of newforms S;"“(I'3(M), x) in the Maass space.

Let Si_1/2(M, x0) denote the space of cusp forms of weight k —1/2 for I'o(M) and
character xg. We denote the Petersson scalar product by

1 — L odxd
fog) = / frygiryyh 12 EY,
LM Y
To(M)\H

where 7 = x 4+ iy, y > 0, i)y denotes the index of T'g(M) in SLy(Z) and f,g €
Sk—1/2(M, x0). Let 5;71/2
cusp forms in Sy_1,2(M, xo) whose n-th Fourier coefficients vanish unless e(—1)*"1n =
0, 1(mod 4).

We state the following dimension equality (see Lemma 3.7): If k£ > 2, cond(x) = M
and cond(x?) = M/2,

(M, x0) denote the Kohnen plus space which consists of the
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dim Sk_l/Q(M, Xo) = dim Sgk,Q(M/ZXQ). (1)

If D = 1(4) is a fundamental discriminant with ¢(—1)¥=1D > 0, we consider the D-th
Shimura-Kohnen lift Sp which is the same as the D-th Shimura lift, given by

D Din? ,
g|SD _ Z ZX(d> (E) dk—2ag (' d‘gn > eanZ,

n>1 \ d|n

where g € Sj,_1/2(M, xo0). In order to set up the Shimura lifts Sp on Sk 1/2(M, Xo0), we
consider the image of m-th Poincaré series in the plus space S;" 1 /2(M Xo) under Sp and
derive its explicit image as a period function in Sox_o(M /2, x?). By varying the integers
m > 1 with e(—=1)*"'m = 0,1(mod 4), we get that all the Poincaré series P" 12, M xosm
span the space S, 1/2(M Xo)- Hence, the Shimura-Kohnen lifts Sp maps S, 1/2(M X0)
into Sar_2(M/2,x?) and the adjoint Shintani lifts S} maps Sar_o(M/2,x?) into
Chil 1/2(M Xo0). If f € Saop—2(M/2,x?) is a normalised Hecke eigenform, it is known
that there exists a fundamental discriminant D (e(—1)*"1D > 0, (D, M) = 1) such that
the special value L(f,x (2) ,k—1) # 0 (see the remark after Theorem 1.1 in Chapter 6,
[18]). Therefore, using the condition cond(x) = M and following the computations as in
([8], p- 137), we derive that the | D|-th Fourier coefficient of f|S7, is non-zero. Since this is
valid for each of the normalised Hecke eigenform f € Sa_2(M/2, x?) and by using the di-
mension equality as given by the equation (1), we observe that the space Sk L /2(M ,X0)
coincides with the full space Si_1/2(M, xo). We state the theory of newforms for the
space S,j_l/Q(M, X0):

Theorem 1.1. Let k > 2, 32|M, cond(x) = M and cond(x?) = M /2. Then,

Sy 1/2(M; x0) = Sk—1/2(M, xo)-

There exists a finite linear combination of Shimura lifts v which defines an isomorphism
from Sk 1/2(M Xo) into So_o(M/2,%?). In particular, we have the strong multiplicity
one theorem on Sk 1/2(M, X0)-

Next, we consider the spaces S /2(4M, Xo) and Sop_o(M,x?). The condition
cond(x?) = M/2 along with the dimension formula and the theory of newforms
for Sop_o(M,x?) gives S5e”,(M,x*) = {0}. To get the same for the plus space
Chl 1/2(4M Xo), we derive that the Shimura lifts Sp (D = 0,1(mod 4),e(—1)*"'D >
0,(D,M) = 1) map Sk 1/2(4M Xo) into Sap_2(M,x?). Then we find the relation
between the spaces Sk71/2(M Xo) and S,j 1/2(4M, Xo). We state the following main
theorem for modular forms of half-integral weight (see §3.2):
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Theorem 1.2.

S5 (M, xo) = {0} and S35 (M, x*) = {0},

Sk 1/2(4M Xo) = S;_1/2(MaX0)@S;_1/2(M7X0)|B47

Sok—a(M, x*) = Sar—2(M/2, x*) @521«—2(]\/[/2, X°)| Bz.
Moreover, the isomorphism Vi maps S;_1/2(4M, Xo0) into Sop_o( M, x?).

In order to get the Maass lift and theory of newforms for the Maass space, we let
k> 2, ¢ = (—1)* and we first develop the theory of newforms for the space of Jacobi
cusp forms J; (M, x). This can be done by deriving the Eichler-Zagier canonical map
(see prelimmarles for definition)

Z qusP(M X) — S (4M, Xo).

k—1/2
This is an isomorphism preserving the Hecke eigenforms and the scalar product struc-
tures (see Proposition 4.2 and Lemma 4.3). Using Theorem 1.2 as above and the
existence of Eichler-Zagier canonical isomorphism we get the following. There exists
a non-zero cusp form ¢ € J'"P(M, x) such that ¢|B;(4) belongs to J.7"(M,x) and
o|Z1 € St 1/2(M Xo)- We call the inverse image of the space Sk+1/2(Mv Xo) as the
space of newforms in J;*" (M, x). Let Py 1 a,xo;0,r denote the (D, r)-th Poincaré series
n J.P(M, x); let Uy(4) and B;(4) be operators on J. '\ (M, x) (see preliminaries for
definitions). Let J;'"""““(M, x) denote the linear span over complex numbers of the
set {Pr1,0:0,r|Us(4) : D}, where D varies over all the discriminants with 4|D and
D/4 = 0,1(mod 4). We call the elements of an orthogonal basis consisting of simul-
taneous eigenforms under all the Hecke operators T;(n) in Ji/'{"""“ (M, x) as Jacobi
newforms of weight k, index 1, level M and character xy. We have (see, Lemma 4.7):

TR (M, )| 24 = Sy (M x0).

We now state the following main theorem for the theory of newforms of Jacobi cusp
forms:

Theorem 1.3.
qusp(M X) qusp,new M X @qusp,new M, X)‘B](‘l:)
The space J;' 7P (M, x) is isomorphic to the space Sax—o(M/2,x?%) under a certain

linear combination of Shimura lifts. Hence, The multiplicity one result holds good on
Jlgulsp;new(M X)
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Let Si(T3(M), x) denote the space of degree two Siegel cusp forms of level M and
character x, where x is primitive Dirichlet character modulo M as above. Let ¢ €
Je P (M, x). Let v, denote the Maass embedding (as in [6]) defined by

oo

Bty (T, 2,w) Z

m=1

2mimw
) (T, 2)e ,

where V;, , is the index shifting operator on J.*?(M, x) (defined in §5). Then by Theo-
rem 3.2 of [6], the map ¢,, is an embedding from J; (M, x) to S(T5(M), x). Denote
the image of J;*’(M, x) under this embedding by S;(T§(M),x). We define the space
of Maass newforms by

S (LM, x) = T (M x|

bag,x

Finally, combining the above results we get the relevant Saito-Kurokawa lifting for
level M and a primitive character x modulo M. For a comprehensive theory on Saito-
Kurokawa correspondence we refer to [4,6]. Let f € Sap_2(M/2,x?) be a normalised
newform. Let F € S, (I'3(M), x) be the associated unique (up to a scalar) new-
form. The corresponding Andrianov zeta function Zg(s) (see §5.1) has an Euler product
expansion

Zp(s) = [0 = pmp™ ) [ @o(0™) 7",

p|M ptM
where
Qp(p™*) =L —7pp " + (pwp + (p° + Dx(p*)p*" *)p™> — wpx (p®)p** 2%
+ X( ) 4k—6— 45

Now, using the isomorphisms v, Z1,,  , and Theorems 1.1 to 1.3, we derive the fol-
lowing:

Theorem 1.4.
Sp(TH(M), x) = S (TF(M), x) P S (T3 (M), X)| Bs (4).

The multiplicity one theorem is valid on Sy (TE(M), x). Also, Sp'"(TE(M), x) is in
one to one correspondence with Sop,_o(M/2,x?) under the Saito-Kurokawa isomorphism.
A given normalised Hecke eigenform f € Sop_o(M/2,x?) is lifted into two equivalent
Hecke eigenforms F, F|Bs(4), where F € 8" (3(M), x) is the newform satisfying

Zp(s)=L(s—k+1,x)L(s — k+2,x)L(f, s).
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2. Preliminaries
2.1. Modular forms of half-integral weight

Let (a,b) denote the ged of given integers a,b. For complex numbers x and y with
y # 0, define e, (z) := e?™#/Y_Let H denote the upper half plane. For a real number 7,
let [r] denote the greatest integer less than or equal to r. Let Mj_4/5(M, xo) denote the
space of modular forms of weight k—1/2 for I'o(M ) with character xo. Let Sx_1/2(M, x0)
denote the space of cusp forms in Mj,_y,5(M, xo0). For g € My_1,2(M, x0), we write its
Fourier expansion at the cusp oo as

9(z) = Y ag(n)e’™.

n>0

If m > 1 is an integer, the operator B,, is defined on formal series by

By : Z ag(n)eQﬂ'inz N Z ag(n>e2ﬂ-inmz.

n>0 n>0

Let G denote the collection of all ordered pairs (4, ¢(z)), where A € GL3 (R) and
¢(2) is a holomorphic function on H such that

2, , cz2+d
$°(z) = t—det(A)’ te{xl}.

G forms a group under the group law:
(4, 0(2))(B, ¥(2)) := (AB, ¢(Bz)1(2))-

For a complex valued function g defined on the upper half plane H and (A4, ¢(z)) € G,
we define the stroke operator by

9lior )2 (A 0(2))(2) 1= ()72 g(Az).

€= <(é i) 761/26777:/4> and ¢/ = ((3 —41) ’6—1/26—7ri/4> .

Then, formal computations show that both g|§ and g|¢" belong to Mj,_q,2(M, xo) for all
g € My_1/2(M, x0). Also, if g is a cusp form, g|§ and g|¢" are cusp forms. The projection

Now let

operator is defined on Mj,_y,2(M, xo0) by

e ()3 (6 1))
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and we let g|Pry for its image, where g € Mj,_4,2(M, xo). For this we refer to [11].
Define

M]:__l/z(M7 X0) == My_1/2(M, x0)|Pry, and

SJ:__1/2(M7 X0) = Sk—1/2(M, x0) N M;j_l/g(M, X0)-

Then, formal computations give

dPre= Y ey,
n>0
e(—1)*"n=0,1(mod 4)

where g = > ., a,(n)e?™*. For an integer n > 1,(n,M) = 1, let T},2 denote n-th
Hecke operator on Mj,—1/2(4M, x0). It preserves the space of cusp forms Sy, _1 /2(4M, xo).
A non-zero form g € S;il /2(4M ,Xo) is called a Hecke eigenform if it is a simultaneous
eigenform for all the Hecke operators T2, (n, M) = 1.

Let Sor_2(M/2,x?) denote the space of cusp forms of weight 2k — 2, level M /2 and
character x?. Let T;, ((n, M) = 1) and U, (n|M) denote the Hecke operators, and We
(p a prime, p*|M/2 and p®*! { M/2) denote the W operator on Sai_2(M/2,x?) as in
[2,10]. By a normalised newform f € Sar_2(M/2, x?) we mean an eigenform for all the
operators Ty, ((n, M) = 1), U,(n|M) and Wpe (p a prime, p®|M /2 and p®*!  M/2) with
af(l) = 1.

2.2. Jacobi forms

Let £ > 1 be an integer. Let Ji (M, x) denote the space of Jacobi forms of weight
k, index £ and character X, and its sub space of cusp forms is denoted by J;.'; (M, x).
We refer to [4] for the development of the theory of Jacobi forms. A Jacobi form ¢ €
Ji¥ (M, x) has a Fourier expansion of the form

o(1,2) = Z cop(n,r)e(nt +rz).
n,r€Z,
r2<ant

Let n,r,n/,r’" € Z with r? < 4nf,r'? < 4n’¢. Then we have cy(n,r) = cy(n/,r’) if
7’2 —4n'l = r? — 4nl and ' = r(mod 2¢). Thus, we write the Fourier expansion of ¢ as

o(rz)= Y c¢(D,r)e<r24 D7+rz>.

D<0,r€Z,
D=r?(mod 4nt)

We note that when the index is 1, J;™ (M, x) = {0} unless x(—1) = (—1)*. So whenever

we consider the space Jy, 1 (M, x), we let x(—1) = (=1)*.
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The operators U;(4) and B(4) on J.;"(M, x) are defined on formal series by

2_D
Z C¢(D,T)e (7’ 7 7'—|—’I"Z) ‘UJ(4)
D<0,reZ,
D=r%(mod 4)
2

- ¥ c¢(4D,2r)6<T

D<0,reZ,
D=r?(mod 4)

Y eDr)e <T . Doy m> ‘3,(4)

D<O0,reZ,
D=r?(mod 4)

_ D r r2—D
= Z Co R e 1 T+rz|.

D<0,r€Z,
D=r%(mod 16)

D
T+ rz) and

If ¢ € J;' P (M, x), the Eichler-Zagier map 2; on ¢ is given by

r? —
Z cy(D,r)e ( 1 DT + TZ) — Z ce(D,r)e(|D|7).

D<0,reZ, D<O,
D=r?(mod 4) D=r?(mod 4)

Let ¢,¢ € J;7"(M, x). We define the Petersson scalar product by

1 -
(6, 9) = i / o(T, z)¢(7’,z)674”y2/”vk*3dudvdmdy,
M
IV (M)\HxC
where 7 = u+iv,v > 0, z = z +iy and I'/ (M) :=To(M) x (Z x Z) is the Jacobi group
of level M.

Let D < 0 be a discriminant and 7(mod 2¢) with r? = D(mod 4¢). Then, we denote
the (D, r)-th Poincaré series in J;ffp(M, X) by Pi.e.mx;p,» and it is characterised by the
relation

(& Pre.Mx;Dr) = ke,p,mCy(D,7)
for all ¢ € J;'"(M, x), where

(k- 3/2)

QDM = — e Ek_2|D|_k+3/2,
™ / M



V.K. Adersh et al. / Journal of Number Theory 248 (2023) 27-53 35

3. Newforms for the spaces S:_I/Z(M, Xo) and 52_1/2(4M, Xo0)

In this section, we develop the theory of newforms for both the spaces S’,il /2(]\/! ,X0)

and S,j_l/z(élM, Xo), where k > 2 and y(mod M) is primitive.

3.1. Theory of newforms of S,j_l/g(M, X0)

Let n > 1 be an integer. Let Pj_1/2ar,yo:n denote the n-th Poincaré series in
Sk—172(M, x0) ([13], page 238) characterised by

1 (k—3/2
< 9, Pr1/2,M x0in >= ’LMlWag(n) for all g € Si_1/2(M, xo)-

Let

—+ _
Pkfl/Q,M,Xo;n - Pk_1/27M7X0§7L P’I’+.

Then using proposition 2 of [13], we have the Fourier expansion of P,:i in the

1/2,M,x0;n
following lemma.

Lemma 3.1. Let n be a positive integer such that ¢(—1)*~n = 0,1(mod 4). We have

+ _ + 2
B2 030 (T) = Z In—1/2,Mxoin(METT (2)
m>1

e(—1)*"1m=0,1(mod 4)

where

Ih 1 /20 x0im () = Grm + m2(~1)E (1 = (=1)F 1) (m /) k2314

47r\/m) |

X Y Hge(m,n)Jy_s/2 (
= Me

On,m 1is the Kronecker delta, Ji_s,5(.) is the Bessel function and

[u—y

Hypep(mim) == > %(0) (%) (—74>k1/2eMc(m5+n5—1)

Cc
d(mod Mc)*

with 1 € Z and §6=! = 1(mod Mc) is a Kloosterman type sum.
We state the following which we will use later.

Lemma 3.2. With notations as above,

g’—:—l/QJVLXo;n(m) = (m/n)k_g/le—:—l/Z,M,Xo;m(n)' (3)
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3.1.1. A certain period function Fay_o vrj2,v2:|D|M?m,Dx

We first let £ > 2 and derive the results. If £k = 2, we mention appropriate changes
later in order to get the results (see the paragraph before Lemma 3.7). Let m > 1 be
an integer with ¢(—1)*~!m = 0,1(mod 4). Let D be an odd fundamental discriminant
with e(—=1)*=1D > 0. Let Q2 /4, D|a2m be the set of all integral binary quadratic forms
Q(z,y) == ax’+bry+cy? having discriminant b>—4ac = |D|M?m and a = 0(mod M?/4).
If Q@ = Q(z,y) € Qur2/4,|p|M2m, define the genus character xp (see, [7]) by xp(Q) = (%)
or 0 according as (a,b,c, D) = 1 or not, where @ represents r. Define a period function
in Sar_o(M/2,x?) by

Fo_o, 02,52 DI M2m, D x(2) = Z X(O)x, (@)Q(z, 1)~
Q=la,b,c],
QEQn2/4,|D|M2m
Similar function has been considered by Kohnen in [7] for trivial character and for odd
M and for a generic case where the conductor of y depends on the even part of the level,
similar functions have been constructed in [13] in connection with Shimura correspon-
dence. Note that

For_2 7/2,52; D|M2m,D.x € S2r—2(M /2, x2).

For f € Sop_o(M/2,x?), let

rokonpt (DM, DY) = S x(@xn(Q) / f(2)dg 2
Q(mod F()(M/Q)), CQ
|Q|=|D|M?m,

4a=0(mod M?)

where Cg is the image in To(M/2)\H of the semicircle az? + bRe(z) + ¢ = 0 oriented
from (—b — +/|D|M?m)/2a to (=b+ /|D|M?m)/2a, if a # 0 or of the vertical line

bRe(z) + ¢ = 0 oriented from —c/b to ico if b > 0 and from ico to —c¢/b, if a = 0, and
dgrz = (az? — bz + ¢)*~2dz. Then, we have

Proposition 3.3 (see: [7], proposition 7 and [15], proposition 4). For f € Sax_2(M/2,x?),

(f(2), Fap—2, 072,52 D|M2m,D.x(—Z))
—2k+4 (2k—4
w2 G

ZM/2(|D‘M2m)k_3/2 r2k72,M/2,X2 (f; |D|M2m7 D7 X)

We state the Fourier expansion of Fo,_g ar/2,v2;D|a2m,D,x i the following:

Proposition 3.4 (see: [13], proposition 1).

oo vz piarzm,0x(2) = Y Congnaj2,2:|pipr2m, p.x (05 [ DI MPm)e™=, - (4)
n>1
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where

CZka,M/Q,XQ;|D\M2m,D,Y(n§ |D\M2m)

o 2(=2m)M! 2 DIy (k=2)/2 1)L/2] Jm/ D)
— Mk—3/2—(k—2)!(n /m|DY|) (-1 x(n/v/m/|

71) n/\/m —1/2
D(n/\/W> &(n/+/m/|DI)|D|

+7v2(n? m|D])
_ mnr/|D|M?m
5 s (TS |

a>1,
M?|4a

Ry p is the Gauss sum given by
4eD\ D
Rep = 000D (22) T x0)(2) ewnnio
r(mod M|D|)
Sax(|DIM?*m,n) is the finite exponential sum given by

Sax(|DIM?m, n)

2 D M2 2 D M2
- Y % (”#) o (a’b, w) e2(nb),
a 4a

b(mod 2a),
b?>=|D|M?m(mod 4a)

and

5(z) = {1 ifr e,

0 otherwise.

3.1.2. Action of Shimura map on Poincaré series
To get

Spik-1/2,M,x0 * Si_1 2 (M. X0) — Sar—2(M/2,x %),
we derive the image of Poincaré series under Shimura lifts.
Proposition 3.5.
B o atxoim|SDik—172,0 x0 = Ak, DM x Fok—2,M/2,x2:| D|M2m, D,x (5)

where
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2(—2m)F 1 -
)\k,D,M,X — <((]€_7)2)!(M|D|)_k+3/2(—1)|‘k/2jRX,D) .

Proof. Let

+ — 2minz
P12 M x0m ISDik—1/2,Mx0 = E b(n)e .

n>1
Using the equations (2) and (3) we get
ZX ( )dk 2(|D|n2/d2 )k—3/2
d|n

2
x (6 VB (1 — (1) (g 2L /2
qaz M d

|D|n?
DIn2 4w /m
X ZHMCX | | —5—)Jk—3/2 ((F) )

Me

(Zx ) (5) a0t pmy 25,00 )
+ (Nﬁ(—nt’ﬂ (1— (=1)F 1)

XZX ( )dk 2(|D| 2/d2 )k 3/2( /‘Dln )k/z 3/4

D|n? dmn+/m|D
X ZHMC,Y(mu | d|2 ) Jk—3/2 <7||> >

Med
c>1

=( (n//m]1D) ( )<n/wm/|D|>-’f+1<|D|n2/m>’f-3/26<n/wm/|D>)

/v/m/|D|
+ (wﬂ(l)@ (1= (=1)*14)

% ZX ( >dk 2(|D|n2/d2 )k—3/2(m/%)k/2—3/4

d|n
|D|n 47n\/m|D|
XZHMCX —5)Jk-3/2 —ea | ) (6)
c>1

Substituting (6) and (4) into left- and right-hand sides of equation (5) respectively, it is

enough to prove that,
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(VTN (777 (o mTTD) (Dl ) =/20 ) o D)
+(mvaCnia - 1)
X S X(d) (B) d=2(1D|n? fd?m)h=3/2 (m /g /231
% st Harex(m, 2B gy g (2L )

S B
= (Ak,D,M,X%M k+3/2(n2/m‘D|)(k 2)/2

_)k21 R b 1/

X (1) /2 Ry p x(n//m]ID) (77727 ) 8(n/ /m/TD])I D) )
—2r k—1 _ B

+<)‘k,D,M,X%M k+3/2(n2/m\D|)(k 2)/2

TN/ 2m
xmv/2(n?/mIDDY Y az1, a” 280 x(IDIMPm n) Ty 32 (*'DW ) )

M*=|4a ¢
(7)

The first terms on both sides of equation (7) vanishes if m/|D| is not a square of an

integer and if n # y/m/|D|. Suppose this happens and if n = \/m/|D|, then both first
terms are equal in the above equation. Now, we compare the second terms on both sides
of (7). Substituting c¢d = a on the left-hand side of (7), it is enough to prove that

AVADHE = (0 S (@ (2 ) a2l )y L o

2
d|(a,n)
|D|n? drny/m|D|
X a; Hyrayax(m, 7)%—3/2 e
_ 2(—27T)k71M—k+3/2 2 1| DN F=2/2103/2(n2 fm| D)/ M/2)2aq)~1/2
= AeDMX = (n”/m|DI) mV2(n?/m|D|)V/* Y ((M/2)*a)
’ a>1
4mn/m|D
X Sa(ar/2)2 x(M?|Dlm,n)Jy s <T|> ;

ie.,

D .
ﬂ'\/ﬁ(—l)L%J(l _ (_l)kfli) Z X(d) (E) d71/2|D|k/273/4nk73/2m7k/2+3/4
d|(a,n)

D|n? dmns/m|D
5 it (20

d? Ma
a>1
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= ((-1) L£] Ry,D)_l ‘D|k/2—3/4nk—3/2m—k/2+3/4ﬂ_\/§ Z((M/Q)Qa)_1/2

a>1

47m\/m|D|>

X Sa(ar/2)2 x(M?|Dlm,n)Jix_s/ < Ma

which follows from the proposition stated below and whose proof needs a standard set
of arguments. Hence we omit the details; for a proof, we refer to ([7], proposition 5; [13],
proposition 3).

Proposition 3.6. For all a,m,n € N, we have
SaM2/477(M2|D‘ma n)

— Ry a1~ (<174 Y (@) () 7 Havapam, ).

d|(a,n)

Let D, ¢(—1)*"1D > 0 be a fundamental discriminant. The adjoint of Shimura map

SD;k—1/27M7X0 is given by
SE;Qk—Q,M/Z,X2 : SQk—Q(M/27X2) - Sl—g‘r_l/Q(Mv XO)

We now let k = 2. All the stated results in the above subsection are still valid. We define
the required period function when k = 2, by using the standard ‘Hecke trick’ as in [7]. We
leave the details, since we need to proceed along the same lines of arguments of the quoted
paper by Kohnen. We make the following observation. Let k = 2 and N be an arbitrary
odd integer. The proof of Theorem 2 of [7] shows that the Shintani map S} maps the
first Poincaré series Py n.1 € S2(IN) into |D|-th Poincaré series P;/ZAN;\D\ € S;F/Q(ZlN).
These results are also valid in our case.

‘We now prove Theorem 1.1. We compare the dimensions of the required spaces under

the stated assumptions. We have

Lemma 3.7.
. . 1.,
dim Sy _1/2(M, x0) = dim Sop_o(M/2,%x?) = 3 dim Sop_o (M, x?).

Proof. Let k£ > 2. Using the notations as in [19], we have

, (k —3/2)2°72N 3 ¢(k—1/2,2°7N, xo)
dlmSk—l/Q(M»XO): T 19 9 H(1+1/p)— 9 H2’
p|N p|N
= (2k-3)2* "N [J(1 + 1/p) — 22
pIN
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. 2k —3)2° 3N 3 7“2,52,
dim Sor—2(M/2,x*) = (1—)2 (1+1/p) - H 2
p|N pIN
= (2k —3)2° SN [J(1 + 1/p) — 2v),
pIN

where v(NN)= number of distinct primes dividing N. Hence, dim S;_1/2 (M, x0) =
dim Sax—2(M/2,x?). In a similar manner we can verify

1
dim SQk_Q(M/Q, X2) = 5 dim SQk_Q(M’ XQ).

This completes the proof of the lemma for the case k > 2. The proof for k = 2 follows
using the same computations combined with the following facts. Since cond(x) = M the
space M /5(M, xo) becomes trivial, which follows from the work of Serre-Stark (see the
Theorem A in [20]). Similarly, since x is not the trivial character, we also observe that
both the spaces Mo(M/2,x?) and My(M, x?) are trivial (see, for example, the Theorem
74.10f [3]). O

Proof of Theorem 1.1. Let d = dim Sar_2(M/2,x?) = dim Sk—1/2(M, x0) and {f1, fo,
.., fa} be the orthogonal basis of normalised Hecke eigenforms of Sar_2(M /2, x?). For
each i,1 < i < d select a normalised Hecke eigenform f(= f;) and then a fundamental
discriminant D(= D;) with ¢(—1)*"'D > 0, (D, M) = 1 and L(f,x (2) ,k — 1) # 0.
Since |D|-th Fourier coefficient of f[S7,.5; 5 5/, 18 equal to a non-zero constant multiple
of L(f,x (£),k — 1), by using the arguments which give the Theorem 4.1 of [8], we
derive that the d cusp forms fi|Sj5“2k_27 Moy constructed as above forms an orthogonal
set in S, 1/2(M X0)-
Thus we select an orthogonal set of cusp forms {g; : 1 < i < d} in S,C 1/2(M, Xo) such
that

_fi

= Qgq,
<f77fz | D;2k—2,M/2,x? g”L(

gi
P
92791' >

D))f; and

gi\SD;kq/z,M,xo = ag,(

hold good.
Now S’ktl/z(M, Xo) is a subspace of Sj_1,2(M, xo0) having d = dim Sj_1,2(Mxo)
linearly independent cusp forms, and hence we conclude that

Chl 1/2(M; x0) = Sk-1/2(M, xo0)-
This completes the proof of Theorem 1.1. O

3.2. Theory of newforms of 52'_1/2(4M, X0)

Let n > 1 be an integer and let Pj_1/2 401,yo;n denote the n-th Poincaré series in
Sk—1/2(4M, xo) characterised by
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1 (k—=3/2
< 9, Pr1/2,4M xoin >= 14161%—;6_/3/2@9(”) for all g € Si_1/2(4M, x0)-

Let

+ _
Pk71/2,4M,Xo;n = Pk—1/274M7X0;"’PT+'

Let k > 2 and Fop_2 ar,y2;|D|M2m,D,x denote the function defined by

Fop—o M2 D|M2m, D x(2) = Z X(©)x, (@Q)Q(z, 1)~ 71,
Q=[a,b,c],
Q€Q1W2,|DU\42m

Note that F2k—2,M,X2;|D|M'2m,D,Y € Szk_Q(M, Xz).

If k = 2, then we define Poincaré series and the period functions in Sy (M, x?) as
defined by Kohnen in [7] and the stated results in this subsection are valid.

We have the following result, when k& > 2 and with other conditions assumed on M,
x and x2. The proof follows using similar arguments as in the proof of Proposition 3.5:

Proposition 3.8.
+ _
P 12.4M xom S Dik—1/2,4Mx0 = A, DM xFor—2,M,x2 D|M2m, D x5

where

2(—27)h-1 B -
Ak,D,M,x = <((]€_)2),(M|D|) k+3/2(1)Lk/2JRx,D) .

. + . .
Hence, image of Pk_1/274M7X0§m under the map Sp.x_1/2,4M,y, i @ constant multiple of
. . . 2
the period function Fop_2 az.y2:|D|a2m, D%+ Since Foy_o ar 2 D|a2m,Dx € S2k—2(M, X?),

and all the Poincaré series P;71/2’4M7X0;m span the space 5;71/2 (4M, x0) we conclude
that

SDik—1/2,4M,xo S;j,l/g(‘lM, Xo) — Sax—2(M, x?).
We now observe the following.
Lemma 3.9. S5¢, (M, x?) = {0}.
Proof. Since cond(x?) = M/2, the theory of newforms developed by W. Li in [10] gives
San—2(M,x*) = (San—2(M/2,X%) & Sar—2(M/2,X)|B2) D S5 (M, ).

Now By is an injective linear map and since dim Sap_o(M, x?) = 2dim Sor_2(M/2, x?),
we get

Sity(M,x*) ={0}. O
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We define

S]:r Oll/dz(4M7X0) :Sk 1/2(M XO) Sk 1/2(M X0)|B4

+,0ld

and S;"°%(4M, xo) as the orthogonal complement of S %

k—1/2
the Petersson scalar product. We have

(4M, xo) with respect to

Lemma 3.10. S, "1 (4M, x0) = {0}

Proof. We first observe the direct sum decomposition
Sk 1/2(4M Xo) = S:—l/Q(M7 Xo) ® S;—1/2(M7 Xo)|Ba @S: q‘;;”(ZlM, Xo)
and
So—2(M,x*) = Sop—2(M/2,x?) ® Sa—2(M/2,x?)|Ba.

Proposition 3.5 and Proposition 3.8 give

Sp: S 1/2(4M; x0) — Sar—2(M, X%)
and

Sp: S 1/2(M; x0) — Sar—2(M/2,x %),

where we use Sp = Sp.k—1/2,M,x, OF SD = Spk—1/2,4M,x,- Let g € S,:il/Q(M7 Xo)- Since
Sp commutes with By and By as

9|B1Sp = g|Sp B,
each of the Shimura map Sp maps
Sp_1/2(M,x0) ® S, (M, x0)|Ba
into the space
Sok—2(M/2,Xx%) @ Sar—2(M/2,x%)|Ba.

Since Sp maps S, ., (4M, xo) into Sar_o(M,x?) and the Shimura correspondence

k—1/2
preserves eigenclasses with respect to Hecke operators Ty2,(n,M) = 1, if g €
S, qj;”(élM, Xo) then g|Sp belongs to S5¢%, (M, x?), and hence g|Sp = 0 for all such
fundamental discriminants D. This proves g = 0, if not there exists a fundamental dis-
criminant D, (D, M) = 1 with a4(|D|) # 0 so that g|Sp # 0, which is not true. Now the

result follows. 0O

We now get Theorem 1.2 by combining the above results.
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4. Theory of newforms of J;*\*” (M, x)
4.1. FEichler-Zagier map 21

Let k > 2 be an integer. € = (—1)*. Let Z; denote the Eichler-Zagier map defined in
the preliminaries. We prove the following.

Zq: Jz?lSp(M X) — Sk 1/2(4M, Xo).

Let D < 0 be a discriminant and 7(mod 2) with 72 = D(mod 4). Let P10 yo:D.r
denote the (D, r)-th Poincaré series in J;'y"(M,x). Let P 1/2,4M,x0:|p| D€ the |[D]-th
Poincaré series in S;f | /2(4M ,Xo) as defined in §3.2.

The Fourier expansion of Py 1 a,y:D,r is given by (which can be obtained using stan-
dard arguments):

r'2 - D
PklMXODrTZ Z ng,Xo,DrD’ ) ( 4 T+r/z), (8)

7' €L,
D’<O

where g,fl Moxo:D.(D'57") is symmetrised or antisymmetrised with respect to r’, i.e.,
+ k
Giea Moxo:0r (D7) = gl 1,00,x0:0,0 (D7) + X (= 1) (=1)"gre,1,00,x0;0., (D', —17)

with D' =12 —4n/, D = r? — 4n, and
gk;LM’Xo;D,T<D,7 rl) = 5(D’ r Dlv T/) + 7T-\/Ei_k(l)//D)k/Q_gM

XY Hupex (D, 75 D' r').Ju_s)0

c>1

<7r\/D’D>

Mec

where

5(D.r D'+ {1 it D' = D,r" = r(mod 2)
y Ty, T ) =

0 otherwise,

Ji—3/2(.) is the Bessel function and

1
Heo (D73 D' 1) = =5 > X(0)eeldTHA 1A+ n) + 0’6 — 1 Nege(—r1).
¢ A,6(mod ¢),
§716=1(mod c¢)
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. . + . .
The Fourier expansion of Pk71/2’4M’X0;‘D‘ is given by
+ — + 2mimT
Pk—1/274M,><o;|D|(T) - Z gk—1/2,4]V1,XU;\D\(m)e ) 9)
m>1,

e(=1)*~1m=0,1(mod 4)

where
k iy B
glj—1/2,4M,Xo;\D\(m) = 0|p|,m + m/2(=1)L2(1 — (=1)¥i)(m/|D|)*/2=3/4

4m\/m|D
X ZH4MC,X(m7 |D[)Jk—3/2 <7||> ;

4Mc
c>1

On,m is the Kronecker delta, .Jj,_3/5(.) is the Bessel function and

1 AM _4 k—1/2
H4Mc,x(mvn) = Z Yo(é) ( 5 C) (T) e4MC(m5 + n&‘l).

4Mc
é(mod 4Mc),
§~16=1(mod 4Mc)

We have the following standard identity:

Lemma 4.1. Gauss sum identity: Let 4|c, (¢,d) = 1. Then

4\ 12
> e —a+ive(5)(F)
A(mod c¢)

We prove the Eichler-Zagier map sends Jacobi Poincaré series into the plus space
Poincaré series.

Proposition 4.2.

_ +
PkﬁlyM,Xoi,D»lel = 2Pk71/2,4M,X0;|D|'

Proof. To prove the above equation, we compare the |D’|-th coefficients on both sides.
We need to show that

+
2 i D) =260 ar oy (1DD- (10)
r’(mod 2),
D’=r'?(mod 4)

Comparing the first terms on both sides of the above equation, using (8) and (9) we have
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6(D7 T Dlvr/) + X(—l)(—l)ké(D,’ﬁ D/7 _TJ) = 6(D7 T Dlvr/) + 6(D7T; Dlvlr/)

|2 D=D
0, D#D

Hence, the first terms on both sides of equation (10) are equal. Now, we compare the
second terms on both sides. Second term in the LHS of equation (10) is given by

. _ v D'D
7T\/§Z k(D,/D)k/Q 3/4 X ;HMQX(D,T;D/,TJ)J]C_?,/Q ( Me ) +

. _ ™ D'D
7T\/§’L k(D//D>k/2 3/4 o ;HMC,X(D,T;D’7_W)J]€,3/2 ( Me )

D'D
= 2.7V2i F (D' /D)**74 N " Hype (D, 75 D' 1) Ty 2 <WW) :
c>1

Second term in the RHS of equation (10) is given by

Q,W\/i(_l)L%J (1= (=1)F19)(|D'|/|D|)F/23/4

A+ /| D’|| D
% 3" Hanrex (D', 1D]) Jis2 (— V"') .

4Mc
c>1
Note that (—1)#/21(1 — (=1)*=14) = i=%(1 + i). Hence,

i Hypen (D, r; D7)

K
- ]\42 3/2 Z X0 erre(071 A2 +r X +n) +n'6 — 1/ Neapse(—rr').
( C) A,6(mod Mec),

5§~ 16=1(mod Mc)

Using A\ — 0\ the above equals

—k
ﬁ Z X(8)enre(6A2 +r X +nd~t +1/6 — r' 6N eanse(—rr')
( C) A,8(mod Mc),
§716=1(mod Mc)
i_k ~ 2 !
RTEE > X0 > e+ (r—1'5)N)

é(mod Mc) A(mod Mc)

x enre(nd ™t 4+ n'8)eanre(—rr')
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i _ rél — '\
= (Mo)32 Z X(9) Z eme | 0 <>\ + 2)
6(mod Mec), A(mod Mc)
5~ 16=1(mod Mc)
X eqnre(—1207 4+ 2rr — 1" 20)eqpre(4nd Tt + 4n'8)eqns o (—2r7")
i - =4\ VP Me
6(mod Mec),
5~ 16=1(mod Mc)
x eqnre(| D)6~ 4+ |D'|6)  (using Lemma 4.1)
iR+ 4) o (A=DEN =AY e I
= e Z X(9) < 5 ) (T) (T) eame(|D|67" +|D'|6)

é6(mod Mec),
§~16=1(mod Mc)

SRy we () (MY i+ o

4Mc
é(mod 4Mec),
§716=1(mod 4Mc)

= (=21~ (~)* M) Hanrex (ID'], | D))

So, the second terms on both sides of equation (10) are also equal. This completes the
proof. O

We now state a result which relates the Petersson scalar products in J;. (M, x) and

Slj_l /2(4M ,X) whose proof follows by using the same argument of the Proposition 5.1

in [8]. So we omit the details.

Lemma 4.3. We have
(6121, 21) = c(p, )
for all ¢,¢ € J'TP (M, x) with

iy

c= 2—41%3/2.

Hence, Z1 is a canonical isomorphism which preserves the Hecke eigenforms and the
Petersson scalar product structures.

4.2. Decomposition of the space of Jacobi forms

We start with the following lemma.
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Lemma 4.4. Suppose 4|D. Let D/4 = 0,1(mod 4). Then,

P+ b = P+

U.
k—1/2,M x0; 12! k- 1/2.40M xos/ 0| U4

Proof. It is enough to show that m-th Fourier coefficients are equal for all integers m > 1.
They are respectively given by

E J —
gljfl/Z,N[,Xo;%(m) = 5%‘77” + W\/ﬁ(_l)tzj (]_ _ (_1)k 12)(4m/|D|)k/2 3/4
2
X D Hateo(m, DI/4) Jisyz | —

c>1
and

(4m) = 81p| am + TV2(=1)\ 2 (1 = (=1)"13) (4m/ | D) F/> 5/

4m+/4m|D
X ZH4MC7X(4m, D) Jy—3/9 <—|> .

4Mc
c>1

+
Ik—1/2,4M x0;|D|

Since 4|D, we have
0101, = O|D] 4m
and hence the first terms are equal. The second terms are also equal since
Hgex(m, |D|/4) = Hanrex (4m, | D)),
which follows by using their definitions. O

Lemma 4.5. Let 4|D, D/4 = 0,1(mod 4). Then,

U;(4)Z, =2P" Dl

P 1 M xo:D.r o 1/2,M,x0: 21

Proof. Follows from Proposition 4.2 and Lemma 4.4. O

Lemma 4.6. S,j_l/Q(M, Xo) is spanned by all the Poincaré series Plj—l/lM,XO

D waries over all the discriminants with 4||D| and D/4 = 0,1(mod 4).

\p|» Where
T

Proof. Let f € S;‘_l /2(M ,Xo0) such that it is in the orthogonal complement of the sub

space of SZ‘_l /2 (M, xo) spanned by the Poincaré series PI:_—1/271VI7XO; o1 where D varies

over all the discriminants with 4||D| and D/4 = 0,1(mod 4). Then,

<f7P+ \D\>:07

k_l/QvaXU;T
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for all 4||D| with D/4 = 0,1(mod 4). This implies that

<@) _
ayf 4 = 0,
for all D =0, 1(mod 4), or equivalently
arip, (D)) =0
for all D =0, 1(mod 4). Therefore, f|By =0 (or) f = 0. Hence, the result follows. O

We now define the space of newforms in J.;"P(M, x) by

Jpa (M, x) =

@)},

where D varies over all the discriminants with 4||D| and D/4 = 0,1(mod 4). A Hecke
eigenform which is a simultaneous eigenform for Hecke operators T;(n),(n, M) = 1 in
TP (M, x) is called a newform. We have the image of Jacobi newforms under the
Eichler-Zagier isomorphism:

Lemma 4.7. J/'"P" Y (M, x)|21 = S} 1/2(M X0)-
Proof. Follows from Lemma 4.5 and Lemma 4.6. O
We now give the proof of Theorem 1.3.
Proof of Theorem 1.3. From Theorem 1.2, we have the decomposition
Slj 1/2(4M’ Xo) = SI—:—I/2(M’ Xo) @ S;—1/2<M’ Xo)|Bs-
Also, we have
¢|Bs(4)21 = ¢|21Ba,
where ¢ € J.7P(M, x). Using these we get
TS| 21 = S o
= 5121/2(M’ Xo) @5;71/2(]\/[7 Xo)|Ba

— Jlsjllsp;new M X ‘Zl @ qusp new ]\47 X)|BJ (4)‘21

<qusp,new M Y @qusp,new M, X)|BJ(4)) |Zl

4Ma XO)

Thus, by using Z; defines an isomorphism from J.*" (M, x) into Chl 1/2(4M, Xo0), we
have
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qusp(M X) qusp,new M X @qusp,new M, X)‘B](‘l:)

The multiplicity one result holds on Ji/'7"""“"(M, x), which follows from Theorem 1.1
and the isomorphism Z;. O

5. Theory of newforms of S; (I'2(M), x) and Saito-Kurokawa isomorphism

Let S,.(T2(M), x) be the space of Siegel cusp forms of weight k, level M, genus 2 and
character x. Let S;:(I'3(M), x) denote the Maass space in S (I'§(M), x). Let V;, , be the
index shifting operator

Viny + Tt DM, x) = T (M, x)

(as per [6]). If

- D
(1, 2) = Z c(D,r)e <T 7 + rz) € Jpi P (M, x),
D<0,reZ,
D=r?(mod 4)

then

— T 7’2 —
O\ Vin x (1,2) = Z Z x(d)d* e (%, E) e ( 4mDT + rz)

D<O0,reZ, d|(r,m), (d,M)=1,
D=r?(mod 4m) \ D=r?(mod 4md)

For ¢ € J.""P (M, x), we define the Maass embedding ¢,,  as follows (see [6]):
¢|LM,X = Z ((b‘k,lv’rmx)(ﬂ Z)€2mmw'
m>1

Then we have the following result:

Proposition 5.1 (/6], Theorem 3.2). The map v, gives an embedding of J. 5" (M, x)
into Si(TE(M), x).

In ([5], corollary 4.2) it was proved that the Fourier coefficients of the forms in
S;(T3(M),x) also satisfy certain relations analogous to the classical Maass relation.
The converse part was also proved; i.e., if the coefficients of F € Sg(T'3(M),x) satisfy
the said relations, then F € S;(I'3(M), x).

For F € S;(T3(M), x), define the operator Bg(4) by

F(1,2,7")|Bs(4) = F(41,4z2,47").
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For ¢ € J' """ (M, x), we have |t  |Bs(4) = ¢|Bs(4)]t,, .- Let
ST (M), x) = TP (M) |y -
5.1. Saito-Kurokawa lift

Let N be an odd integer and M = 2% 2N, where a > 6. Let x be a primitive
Dirichlet character modulo M. Let Ts(p), T¢(p) (for prime p{ M) and Ug(p) (for prime
p|M) denote standard Hecke operators in S,(T'3(M),x) (see §4 of [6]). An eigenform in
Sk(TZ(M), x) under the above operators is called a Hecke eigenform. A non-zero Hecke

*

eigenform which belongs to S;™“*(I'g(M), x) is called a newform in the Maass space. For

*

anewform F € S (I'3(M), x), let vp, wp and pu;, denote the corresponding eigenvalues

with respect to Ts(p), T4(p), Us(p) respectively. Similarly, let T;(p) (for prime p { M)
and U, (p) (for prime p|M) denote standard Hecke operators in Ji/';" (M, x), and let
ay(p) denote the corresponding eigenvalues for the newform ¢ € Ji/'"""“ (M, x) which
corresponds to the normalised Hecke eigenform f € So_2(M/2,%?). Let F = |t

i (a8
in §5). Then, theorem 4.1 of [6] gives

Yo =ar(p) + x(P)(" 2+ "), ptM
wp = x(P)P* 2+ P Nar(p) + xP?)(2p* 3 +p*Y), pIM (11)

pp =ag(p), p|M.

For a Hecke eigenform F € S;"“(I'3(M), x), the Andrianov zeta function Zp(s) has
the Euler product expansion (see [6])

Zp(s) = [0 = mp™ ) [ @0,

p|M ptM

where

Qp(p™®) =1 —7p* + (pwp + (P* + D)x(p*)p* 2)p~ % — wyx(p?)p* 373
+ X(p4)p4k7674s.

This, combined with (11) give

Zp(s)=L(s —k+ Lx)L(s =k +2,x) [[(0 = ar@p~) " [[Q - ar(p)p~*
p|M ptM

+ X(pQ)p2k73f2s)fl

=L(s—k+1,x)L(s—k+2,x)L(f,s),

where L(f, s) is the L-function of f given by
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s) = Z ar(n)n™?.

n>1
Summarizing the above, we obtain the stated Theorem 1.4.

Finally, we make the following observation:

Remark 5.2. The map Z; is a canonical isomorphism from J;/'/*"(M, x) into the space
Sk 1/2(4M X0), which has the decomposition:

Sk 1/2(4M7 XO) = Sk 1/2(M XO) Sk 1/2(M XO)|B4
Hence, we have the corresponding decomposition for Jacobi forms as
JCUSP(M X) JC’U,SP ,yhew (M, X) @ JCUSP new(M7 X) |BJ (4)

This gives, if ¢ € J;'77"“" (M, x), then we have ¢|Z; € S} 1/2(M, x0) and ¢|B;(4) 21 =
¢|Z1By € J; P (M, x). Now by using the space Sk71/2 (M, x0) is isomorphic to the space
Sak—2(M/2,x?) as module over Hecke algebra and using the embedding of J;'7™ (M, x)
in the Maass space, we realise that a normalised Hecke eigenform f € Sor_2(M/2,x?)
is lifted into two linearly independent Hecke eigenforms F and F|Bg(4), where F €
S (T3(M), x). We call the form F € S, (T3(M), x) a newform of weight k, level

k
M, character x in the Maass space.
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