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We study the thermodynamic properties of black holes in dRGT massive gravity theory using

Duan's �� mapping topological current theory. The topological features and the corresponding
thermodynamic stability conditions for neutral and charged cases are discussed. A neutral black

hole in four dimensions has a topological number 0, sharing the same topological class of D � 6

Gauss{Bonnet{AdS black hole. We show that the charged black hole in four-dimensional

massive gravity has the same topological structure as the AdS-RN black hole. Further, we have
extended the calculations to higher dimensions. Our calculations strengthen the conjecture that

the addition of higher interaction terms to Einstein{Hilbert action does not alter the topological

number of black holes in four space{time dimensions. However, in higher-dimensional massive
gravity, the topological number indeed depends on the black hole parameters.

Keywords: Black hole thermodynamics; massive gravity theory.

PACS numbers: 04.70.Dy, 04.50.Kd

1. Introduction

The study of black holes, especially their thermodynamic properties is a promising

tool to understand the quantum nature of gravity. This idea is inspired by the

correspondence between ordinary thermodynamics and statistical mechanics which
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suggests the black hole entropy1,2 should have a state-counting interpretation in

terms of quantum degrees of freedom near the horizon. A remarkable discovery in

this pursuit was the Hawking{Page phase transition,3 which provides a concrete

analogy between thermodynamics and gravity. Hawking and Page found that there

is a phase transition between a black hole and thermal radiation in Anti-de Sitter

(AdS) space{time. These transitions are then interpreted as the con¯nement/de-

con¯nement phase transitions in the context of AdS/CFT correspondence.4

Charged black holes in AdS space{time exhibit small-large phase transition anal-

ogous to the liquid-gas phase transition of van der Waal °uid.5 Subsequently, the

quest for the underlying microstructure of black holes exploiting phase transitions

has progressed by employing di®erent approaches.6,7 One of the approaches to

investigate the thermodynamic features of black holes in extended phase space is

the topology.

The key point in the topological theory is that black holes can be treated as

defects in the thermodynamic parameter space. In topological studies, the properties

of a given ¯eld con¯guration �ðx!Þ are deduced from the zero points of the ¯eld in

space, i.e. �ðx!Þj
x
!¼z

! ¼ 0.1 One of the topological quantities associated with the zero

point of a ¯eld is its winding number which can be obtained using Duan's ��
mapping topological current theory.30,31 The winding number re°ects the local

thermodynamic stability of the system. Using winding numbers, one can deduce the

topological number of the black hole solution that determines the global thermo-

dynamic stability. In Ref. 1, Schwarzschild, Reissner{Nordstrom (RN) and RN{AdS

black holes are considered. The topological nature is also discussed for Gauss{Bonnet

black holes in AdS space,8,9 black holes in de Sitter,10 and BTZ black holes.11 In all

cases, the black hole solutions are classi¯ed into three topology classes based on their

topological number.

The general theory of relativity (GR) is a massless spin two-¯eld theory that

describes how gravity works in four space{time dimensions. The massive gravity

theory was formulated as a straightforward modi¯cation of general relativity in

which the graviton acquires a nonzero mass. The advantage of such a theory is that it

explains the accelerated expansion of our universe without introducing a bare cos-

mological constant. The e®ect of putting mass to gravitons essentially modi¯es GR

by weakening it at large scales, which allows the universe to accelerate. However, the

predictions of massive gravity theory at small scales are the same GR. The initial

massive gravity model was proposed by Fierz and Pauli.12 However, the theory did

not produce correct GR limits in the massless case. Also, the nonlinear modi¯cations

of the initial theory lead to \Boulware{Deser" ghost instability.13 Later, de Rham,

Gabadadze and Tolley (dRGT) proposed a \Boulware{Deser" ghost-free theory

which reduces to GR in the massless case.14 Consequently, the black hole solutions in

this modi¯ed gravity theory and their thermodynamic characteristics were exten-

sively investigated. The van der Waal-like features and other related topics such as

triple point, Reentrant phase transitions, heat engines, and throttling process

were also studied.15{18 In addition, several methods to probe the microstructure of
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black hole solutions in massive gravity were presented using various thermodynamic-

geometry approaches.19{23

This paper aims to study the nature of thermodynamic stabilities of black hole

solutions in dRGT massive gravity theory exploiting Duan's ��mapping topological

current theory. The structure is the following: In the following section, we brie°y

discuss the thermodynamic features of black holes in dRGT massive gravity theory.

In Sec. 3, we review the ��mapping topological current theory as discussed in Ref. 1.

The topological nature of black hole solutions in four-dimensional dRGT massive

gravity theory is presented in Sec. 4. The calculations are extended to ¯ve dimensions

in Sec. 5 and our observations are presented in Sec. 6.

2. Black Hole Thermodynamics in Higher Dimensional dRGT Massive

Gravity

We begin with a brief discussion of black hole solutions in ðnþ 2Þ-dimensional dRGT

massive gravity coupled to a nonlinear electromagnetic ¯eld in AdS space described

by the following action24

S ¼ 1

16�

Z
dnþ2x

ffiffiffiffiffiffiffi�g
p

Rþ nðnþ 1Þ
L2

þm2
X4
i¼1

ci Uiðg; fÞ �
1

4
F��F

��

" #
; ð1Þ

where F�� ¼ @�A� � @�A� is the electromagnetic ¯eld tensor with vector potential

A�, L is the AdS radius which is related to the cosmological constant � by

nðnþ 1Þ=ð2L2Þ ¼ ��. Further, m is related to the graviton mass, ci are coupling

parameters, and f�� is the reference metric coupled to the space{time metric g�� . The

symmetric polynomials U i are the graviton interaction terms and are obtained from a

ðnþ 2Þ � ðnþ 2Þ matrix K�
� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g��f��

p
, given by

U1 ¼ ½K�;
U2 ¼ ½K�2 � ½K2�;
U3 ¼ ½K�3 � 3½K2�½K� þ 2½K3�;
U4 ¼ ½K�4 � 6½K2�½K�2 þ 8½K3�½K� þ 3½K2�2 � 6½K4�;

where K2
�� ¼ K��K�

� , and the rectangular brackets denote traces. Consider the

metric function given by

ds2 ¼ �fðrÞ dt2 þ 1

fðrÞ dr
2 þ r2 hijdx

idxj; ð2Þ

where the line element hijdx
idxj describes the Einstein space with a constant

curvature of nðn� 1Þk. The topological parameter k characterizes the geometry of

the black hole horizon hypersurface. It takes values 0, �1 or 1, representing

planar, hyperbolic and spherical topology, respectively. A detailed analysis of

black hole solutions with various horizon topologies is given in Ref. 24. Taking
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f�� ¼ diagð0; 0; 1; c20hijÞ, with c0 being a positive constant, we get

U1 ¼
nc0
r

;

U2 ¼ nðn� 1Þ c
2
0

r2
;

U3 ¼ nðn� 1Þðn� 2Þ c
3
0

r3
;

U4 ¼ nðn� 1Þðn� 2Þðn� 3Þ c
4
0

r4
:

Note that the values of U i depend on the space{time dimensions. Now, the metric

function fðrÞ in Eq. (2) is given as24

fðrÞ ¼ k� 16�M

nVnrn�1
� 2�

nðnþ 1Þ� r2 þ Q2

2nðn� 1Þr2ðn�1Þ þ
c0c1m

2

n
r

þ c20c2m
2 þ ðn� 1Þc30c3m2

r
þ ðn� 1Þðn� 2Þc40c4m2

r2
; ð3Þ

here, M and Q are the black hole mass and charge, respectively. Vn is the volume

of space spanned by fxig. Note that in the limit m ! 0, the metric function

reduces to ðnþ 2Þ dimensional Schwarzschild black hole in AdS space. In the

extended phase space, � behaves like thermodynamic pressure with the following

relation:

P ¼ � �

8�
:

Now, the event horizon (rh) is determined by the largest root of the equation

fðrÞjr¼rh ¼ 0. The Hawking temperature of the black hole is related to its surface

gravity by the relation TH ¼ �=ð2�Þ, where the surface gravity � ¼ f 0ðrhÞ=2. The
mass M, temperature TH and entropy S are expressed in terms of the horizon

radius rh and pressure as following:

M ¼ nVn

16�
rn�1
h kþ 16�P

nðnþ 1Þ r
2
h þ

Q2

2nðn� 1Þr2ðn�1Þ
h

þ c0c1m
2

n
rh

"

þ c20c2m
2 þ ðn� 1Þc30c3m2

rh
þ ðn� 1Þðn� 2Þc40c4m2

r2h

�
; ð4Þ

TH ¼ 1

4�rh
ðn� 1Þkþ 16�P

n
r2h �

Q2

2nr
2ðn�1Þ
h

þ c0c1m
2rh þ ðn� 1Þc20c2m2

"

þ ðn� 1Þðn� 2Þc30c3m2

rh
þ ðn� 1Þðn� 2Þðn� 3Þc40c4m2

r2h

�
; ð5Þ

S ¼ Vn

4
rnh: ð6Þ
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The ¯rst law of black hole thermodynamics is readily obtained if we consider the

black hole mass M as the enthalpy of the gravitational system.25 To proceed further,

we make certain simpli¯cations. First, we will restrict ourselves to spherically sym-

metric solutions, i.e. k ¼ 1. Also, we set c0 ¼ 1 without the loss of generality.

Now, we discuss the black hole stability conditions in terms of the parameters of

the theory for n ¼ 2. In four dimensions, the values of U i are: U1 ¼ 2
r, U2 ¼ 2

r2 and

U3 ¼ U4 ¼ 0 ðc3 ¼ c4 ¼ 0Þ. The spherically symmetric black hole solution is de-

scribed by the metric function given by Eq. (3)

fðrÞ ¼ 1� 2M

r
� �r2

3
þ Q2

r2
þm2 c1

2
rþ c2

� �
: ð7Þ

Now, the corresponding expressions for M , T and S become Eqs. (4){(6)

M ¼ rh
2

1þ 8�

3
Pr2h þ

Q2

r2h
þm2 c1

2
rh þ c2

� �� �
; ð8Þ

TH ¼ 1

4�rh
1þ 8�Pr2h �

Q2

r2h
þm2ðc2 þ c1rhÞ

� �
; ð9Þ

S ¼ �r2h: ð10Þ
One can analyze the behavior of black hole temperature as a function of horizon

radius. The local minima and local maxima of black hole temperature are obtained

from the condition,

@TH

@rh
¼ 0: ð11Þ

Solving the above condition, we obtain the expressions for small and large black hole

radii, indicating two black hole phases. Therefore, a positive local minimum of

Hawking temperature indicates the ¯rst-order phase transition similar to a van der

Waal system.23 As the phase transition in black holes is caused by changing the

horizon radius, it also changes the arrangements of energy and matter inside the hole,

i.e. the characteristics of phase transition are directly linked to the micro-structure of

black holes.26 An important aspect in this regard is the stability of the thermody-

namic system. The global stability can be examined by looking at the free energy

pro¯le of the system.3 In the canonical ensemble approach, we consider the black hole

as a closed system and is described by Helmholtz free energy

F ¼ M � THS

¼ rh
4

1� 8�

3
Pr2h þ

3Q2

r2h
þm2c2

� �
: ð12Þ

Note that a negative F describes a stable thermodynamic system.27 Therefore, black

hole phase transition exists if F � 0, i.e.

8�

3
Pr2h � 1þ 3Q2

r2h
þm2c2: ð13Þ
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A relevant quantity in thermodynamics is the heat capacity at constant pressure CP

which re°ects the local thermodynamic stabilities. A positive heat capacity corre-

sponds to a locally stable thermodynamic system whereas a negative value of CP

indicates local instability.

CP ¼ TH

@S

@TH

� �
P

¼ TH

@rhS

@rhTH

� �
P

¼ 8�THr
3
h

8�Pr2h þ 3Q2

r 2
h

� ð1þ c2m2Þ : ð14Þ

Condition for locally stable black hole is thus

8�Pr2h þ
3Q2

r2h
> 1þ c2m

2: ð15Þ

In this work, we will use topological methods to understand the local and global

stability of black holes in dRGT massive gravity theory. As mentioned before, the key

idea is that a black hole solution is realized as thermodynamic defect. We discuss brie°y

the connection between topology and black hole solutions in the following section.

3. Topology of Black Hole Thermodynamics

In the topological approach, a black hole is described by generalized free energy

de¯ned by considering the black hole mass and temperature as independent para-

meters given by28

F ¼ M � S

�
: ð16Þ

Here, the parameter � can be varied arbitrarily and has the dimension of time. For

further analysis, we will be varying � instead of black hole mass. Note that, when

1=� ¼ TH , the black hole parameters satisfy the ¯rst law relation making the free

energy on-shell, i.e. Eq. (12).

As mentioned in the introduction, we construct a vector ¯eld � as

� ¼ @F
@rh

;� cot� csc�

� �
; ð17Þ

here, the variable 0 � � � � is used for convenience.29 Note that the term �� ¼
� cot� csc� becomes in¯nite when � ¼ 0, or �. As discussed before, the extremal

points of the free energy corresponding to � ¼ 1=TH is obtained when � ¼ �=2. At

this point, the zero point of the component �rh satis¯es the black hole solution. In

Duan's �� mapping topological current theory,30,31 one can de¯ne a topological

current as

j� ¼ 1

2�
	��
	ab@�n

a@
n
b; �; �; 
 ¼ 0; 1; 2; ð18Þ

where @� ¼ @
@x� with x� ¼ ð�; rh;�Þ. The normalized vector n ¼ ðn1;n2Þ is de¯ned as

na ¼ �a

jj�jj ; ða ¼ 1; 2Þ, with �1 ¼ �rh and �2 ¼ ��. Note that the topological current is
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conserved, i.e. @�j
� ¼ 0. In order to calculate the topological number, we re-express

the topological current as32

j� ¼ �2ð�ÞJ� �

x

� �
; ð19Þ

where the Jacobi tensor is given by

	abJ� �

x

� �
¼ 	��
@��

a@
�
b: ð20Þ

Now, j� is nonzero only at � ¼ 0. The corresponding topological current density is

given by

j0 ¼
XN
i¼1

�i
i�
2ðx! � z

!Þ; ð21Þ

where the Hopf index �i counts the number of the loops that the vector �� makes

when x� circularizes zi. The coe±cient 
i is the Brouwer degree which satis¯es


i ¼ signðJ0ð�xÞziÞ ¼ �1, where J0ð�xÞ ¼ @ð�1;�2Þ
@ðx1;x2Þ. Finally, the topological number for a

given parameter region � is obtained as

W ¼
Z
�

j0d2x ¼
XN
i¼1

�i
i ¼
XN
i¼1

wi: ð22Þ

Here, wi is the winding number corresponding to the ith zero point of � contained in

�. The value of the winding number is directly linked to the stability of black holes.

A positive winding number corresponds to a stable and a negative winding energy

indicates an unstable black hole state. The topological number W re°ects the global

topological features.

4. Topology of Black Hole Thermodynamics in Four Dimensions

In this section, we consider dRGT massive gravity theory in four dimensions. The

black hole solutions described by the metric function Eq. (7), exhibit small-large

black hole phase transition for certain values of the parameters of the theory.33 The

previous studies on the thermodynamic characteristics of black holes in massive

gravity theory were carried out by examining the free energy pro¯le and the heat

capacities using various techniques. Here, we employ the topological method to

examine the local and global stability, and hence deduce the topological classi¯-

cation of these black hole solutions. First, we obtain an expression for generalized

free energy of the system. Once we have the free energy, we can apply the method

detailed in the previous section to establish a parameter space and ¯nd the zero

points of the corresponding vector ¯eld in it. The topological number character-

izing the on-shell black hole solutions is then calculated using Duan's �� mapping

topological current theory. We begin with the simple case in which the black hole

charge is zero.

Topological nature of black hole solutions in dRGT massive gravity
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4.1. When Q ¼ 0

The generalized free energy for the neutral black hole is obtained using Eq. (16) as

F ¼ rh
2

1þ 8�

3
Pr2h þm2 c2 þ

1

2
c1rh

� �� �
� �r2h

�
: ð23Þ

Now, the component �rh is given by

�rh ¼ @F
@rh

¼ 1

2
þ 4�Pr2h þ

m2

2
ðc2 þ c1rhÞ �

2�rh
�

: ð24Þ

Solving �rh ¼ 0, we obtain an expression for the parameter � as

� ¼ 4�rh
1þ 8�Pr2h þm2ðc2 þ c1rhÞ

: ð25Þ

Note that the time parameter is ¯xed to be � ¼ 1
TH

by specifying the ensemble

temperature. Therefore, the solutions of Eq. (25) correspond to the on-shell black

holes at some value of TH . A plot of � � rh for a set of parameters of the uncharged

black hole in massive gravity theory is shown in Fig. 1. One can see that there are

two on-shell black holes namely small and large black holes, and no solutions for

� > � c. Further, the time parameter � ! 0 for rh ! rmin and rh ! 1. Here, rmin is

the minimum value of rh (zero for Schwarzschild metric). Interestingly, these

results are similar to the case of spherically symmetric black holes in Einstein{

Gauss{Bonnet theory for dimensions D � 6.9 We analyze the stability of these

black hole states by calculating Eq. (23). It is easy to show that the black hole with

the large radius is globally stable (global minima on the free energy landscape)

whereas the one with the small radius is locally unstable (local maximum on the

free energy landscape).

Fig. 1. The curve between � � rh for P ¼ 0:05, c1 ¼ 10, c2 ¼ 0:5, and m ¼ ffiffiffi
2

p
. Solid and dashed lines

represent the large and small black holes, respectively. Asymptotically, � ! 0 for rh ! rmin and rh ! 1.
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Now, we plot the unit vector ¯eld n for some arbitrarily chosen value of � (say,

� ¼ 0:9) in Fig. 2. We ¯nd two zero points ZP1 and ZP2 corresponding to small

and large black hole states, respectively. We calculate the winding number w for

some arbitrary loops C1 and C2. A simple calculation shows that the winding

number for C1 is �1, whereas for C2 is þ1. Further, the conjecture that the stable

(unstable) black hole corresponds to positive (negative) value of winding number

holds in the case of uncharged black hole solutions in dRGT massive gravity

theory. As discussed before, the topological number characterizes the global

properties. Moreover, the global properties are used to identify di®erent topo-

logical classes of black hole solutions. Here, the topological number satis¯es

W ¼ 1þ ð�1Þ ¼ 0, similar to the case of Reissner{Nordstrom black holes.7 How-

ever, one must consider the behavior of the vector ¯eld at rh ¼ rmin and 1. In the

case of uncharged black holes in massive gravity, the topological number is the

same as that of RN black hole. However, the asymptotic behavior of rh is di®erent

as the time parameter � ! 0 for both rh ! rmin and rh ! 1 on the rh � � plane. In

the case of RN black hole, � ! 1 for both rh ! rmin and rh ! 1. Therefore, these

two solutions are not topologically equivalent. This observation is reported for the

case of spherically symmetric black holes in Einstein{Gauss{Bonnet theory for

dimensions D � 6.9 Hence, one can conclude that the neutral black holes in four-

dimensional massive gravity and D � 6 Gauss{Bonnet gravity theories share the

same topological class.

C2

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

rh

Θ

ZP1 ZP2

C1

Fig. 2. The arrows represent the unit vector n on rh �� plane for � ¼ 0:9. The black dots represent the

zero points ZP1 (small black hole) and ZP2 (large black hole).
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4.2. When Q 6¼ 0

Let us now consider a charged black hole in four-dimensional massive gravity theory.

As detailed before, we start with the expression of generalized free energy, i.e.

Eq. (16)

F ¼ M � S

�
¼ rh

2
1þ 8�Pr2h þ

Q2

r2h
þm2 c1

2
rh þ c2

� �� �
� �r2h

�
; ð26Þ

where Q denotes the black hole charge. Note that the above expression for the free

energy is o®-shell, and the parameter � is the Euclidean time period. The expression

becomes on-shell when the time parameter is identi¯ed with the inverse of Hawking

temperature. In the view point of topology, every black hole solution can be asso-

ciated with a topological charge using a vector � ¼ ð�rh ; ��Þ. Using Eq. (17)

�rh ¼ @F
@rh

¼ 1

2
1þ 8�Pr 2h �

Q2

r2h
þm2ðc1rh þ c2Þ

� �
� 2�rh

�
: ð27Þ

Now we solve �rh ¼ 0 to obtain an expression for the parameter � as

� ¼ 4�rh

1þ 8�Pr2h � Q2

r 2
h

þm2ðc2 þ c1rhÞ
: ð28Þ

In Fig. 3, we have plotted rh � � curve for Eq. (28). For certain values of the

parameters, there exist three branches of solutions for �a < � < � b, where �a, � b are

some values of � at which the phase transition occur. We label them as small,

intermediate and large black holes. There exists only one black hole solution for

� < �a and � > � b, corresponding to small and large black holes, respectively. One

LL
II
SS

ττbb

Fig. 3. (Color online) rh � � curve representing �rh ¼ 0 for P ¼ 0:05, c1 ¼ 10, c2 ¼ 0:55 and m ¼ ffiffiffi
2

p
.

Red solid, blue dashed and orange solid lines represent large (LBH), intermediate (IBH) and small (SBH)

black holes, respectively. All three black holes exist for �a < � < � b. Irrespective of the number of black

hole solutions, the topological number for di®erent color regions is same (W ¼ 1).
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can study the asymptotic behavior of the vector by looking at pro¯le of � . The

parameter � ! 0 as rh ! 1 and � ! 1 as rh ! rmin.

To obtain the topology, we plot the unit vector n constructed from � from some

� 2 ð�a; � bÞ. We observe three zero points, namely ZP1, ZP2 and ZP3 corresponding

to small, intermediate and large black holes in Fig. 4. To ¯nd the winding number we

enclose ZP1, ZP2 and ZP3 using some arbitrary loops C1, C2 and C3, respectively.

Consequently the winding number for C1, C2 and C3 is þ1, �1, and þ1, respectively.

This shows that the small and large black holes are thermodynamically stable,

whereas the intermediate solution is unstable. The topological number is obtained as

W ¼ 1� 1þ 1 ¼ 1, which does not depend on the value of Q. This behavior of black

hole phase transition in four-dimensional dRGT massive theory is same as in the case

of Reissner{Nordstrom anti-de Sitter (RN{AdS) black hole.7 Therefore, we report

that the graviton mass does not alter the topological number in four dimensions.

5. Topology of Black Hole Thermodynamics in Higher Dimensions

In this section, we discuss the topology classes of higher dimensional black hole

solutions in dRGT massive gravity. The dimensional dependences of the topological

number have been reported for various black hole solutions (see Refs. 9, 34 and 35).

Naturally, it is worth studying the e®ect of dimension in the case of massive gravity.

ZP2

0.0 0.5 1.0 1.5 2.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

rh

Θ

ZP1 ZP3

C1 C2 C3

Fig. 4. The unit vector on a portion of rh �� plane for P ¼ 0:05, c1 ¼ 10, c2 ¼ 0:55;m ¼ 1 and � ¼ 0:96.
The black dots represent the zero points (ZPs). The zis are enclosed by arbitrary contours Cis. The

winding number for C1;C2 and C3 is þ1, �1 and þ1, respectively.
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To this extend, one can safely put Q ¼ 0. In ¯ve dimensions (n ¼ 3), one has c3 6¼ 0.

Accordingly, the expression for the generalized free energy obtained from Eqs. (4)

and (6) is given by

F ¼ M � S

�
¼ 3�

8
rh ð1þ c2m

2Þrh þ
4�

3
Pr3h þ

1

3
c1m

2r2h þ 2c3m
2

� �
� �2

2�
r3h: ð29Þ

Following the construction developed in Sec. 3, the component �rh of the vector ¯eld

is obtained as

�rh ¼ @F
@rh

¼ 3�

4
ð1þ c2m

2Þrh þ
2�P

3
r3h þ

1

2
c1m

2r2h þ c3m
2

� �
� 3�2

2�
r2h: ð30Þ

Now, the parameter � is obtained by solving �rh ¼ 0,

� ¼ 2�r2h
ð1þ c2m2Þrh þ c3m2 þ 1

2 c1m
2r2h þ 8�

3 Pr3h
: ð31Þ

We observe that the sign of the parameter c3 alters the topology of neutral black

holes in ¯ve-dimensional massive gravity. Therefore, we analyze c3 > 0 and c3 < 0

separately. In the case where c3 > 0, the results are qualitatively similar to the

neutral black hole in four-dimensional massive gravity. In Fig. 5, a plot of � � rh is

given for c3 > 0. The plot shows the Hawking{Page phase transition between small

and large black holes at some � ¼ � c, and there exist two black holes for � < � c and

no solutions for � > � c. The black hole with the small radius is thermodynamically

unstable (negative heat capacity) whereas, the large black hole is stable. Also, the

parameter � ! 0 as rh ! rmin and rh ! 1.

A plot of unit vector ¯eld n is given in Fig. 6. The zero points ZP1, ZP2

represent small and large black hole phases. The winding number corresponding

to ZP1 and ZP2 is w ¼ �1 and w ¼ þ1, respectively. Further, the topological

Fig. 5. The curve between � � rh for P ¼ 0:07, c1 ¼ 9, c2 ¼ 1:4, c3 ¼ 0:2 and m ¼ 1. Solid and dashed

lines represent the large and small black holes, respectively. Asymptotically, � ! 0 when rh ! rmin and1.
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number W ¼ 1þ ð�1Þ ¼ 0. Considering the topological number and the asymptotic

behavior of rh, we conclude that the topology class of neutral black holes in ¯ve-

dimensional massive gravity with positive c3 is the same as of the neutral black hole

in four-dimensional massive gravity and the Einstein{Gauss{Bonnet black holes in

dimensions D � 6.

ZZPP11

CC111 CC22

ZZPP22

Fig. 6. The arrows represent the unit vector n on rh �� plane for � ¼ 0:9. The black dots represent the

zero points ZP1 (small black hole) and ZP2 (large black hole).

LLBBHH
IIBBHH
SSBBHH

ττaa ττbb

Fig. 7. The curve between � � rh for P ¼ 0:07, c1 ¼ 9, c2 ¼ 1:5, c3 ¼ �0:5 and m ¼ 1. Solid and dashed

lines represent the large and small black holes, respectively. Asymptotically, � ! 0 when rh ! rmin and1.
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Interesting results are obtained when we put c3 < 0. We observe that the term

c3m
2 plays the role of charge. The � � rh plot shown in Fig. 7 is qualitatively same as

of charged black holes in four-dimensional massive gravity Fig. 3. There exist three

solutions in the range �a < � < � b, namely, large, intermediate and small black hole

phases. There exist only one solution for both � < �a (large BH) and � > � b (small

BH). Here, both small and large black holes are thermodynamically stable whereas

the intermediate one is unstable. The asymptotic behavior of rh can be easily de-

duced. The parameter � ! 0 as rh ! 1 and � ! 1 as rh ! rmin.

The topological number is obtained by plotting the unit vector ¯eld n constructed

from � on �� rh plane Fig. 8. The three solutions, namely, small, intermediate and

large black hole phases are described by the zero points ZP1, ZP2 and ZP3, respec-

tively. The winding number corresponding to these zero points is þ1, �1, and þ1,

respectively. The topological number is thus obtained as W ¼ 1� 1þ 1 ¼ 1. Ana-

lyzing the topological number as well as the asymptotic behavior of � with respect to

the parameter rh, we conclude that the topology class of neutral black holes in ¯ve-

dimensional massive gravity with c3 < 0 is same as of charged solution in four-

dimensional massive gravity and RN{AdS black holes.

6. Discussion

In this paper, we have analyzed the local and global thermodynamic stability conditions

of black holes in dRGT massive gravity theory using Duan's ��mapping topological

ZZPP11

CC11

CC22

CC33

ZZPP22 ZZPP33

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

rh

Θ

Fig. 8. (Color online) The unit vector on a portion of rh �� plane for P ¼ 0:05, c1 ¼ 10, c2 ¼ 0:55,m ¼ 1

and � ¼ 0:96. The black dots represent the zero points (ZPs). The blue contoursCi are arbitrary closed loops

enclosing the zero points. The winding number for C1, C2 and C3 is þ1, �1 and þ1, respectively.
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current theory. The topological number which is used to group black holes into di®erent

topological classes, is estimated by treating the black hole solutions as thermodynamic

defects. A vector ¯eld is constructed from the generalized free energy, where zero

points of the vector correspond to on-shell black hole solutions. Further, we have

calculated the winding number associated with each zero point which re°ects the

local thermodynamic stability. A positive (negative) winding number corresponds

to locally thermodynamically stable (unstable) black hole solution.

We have analyzed the topological nature of both charged and uncharged black

holes in dRGT massive gravity. In four dimensions with black hole charge Q ¼ 0, the

vector ¯eld � (Eq. (17)) admits two zero points representing small (SBH) and large

(SBH) black hole solutions. The winding number for SBH is w1 ¼ �1 and for LBH is

w2 ¼ þ1. Therefore, the topological number W ¼ w1 þ w2 ¼ 0. Even though this

topological number is the same as that of RN black holes, the asymptotic behavior of

� as rh ! rmin and rh ! 1 is di®erent. However, the topological number as well as

the asymptotic behavior of � of neutral black holes in massive gravity is the same as

that of spherically symmetric black holes in Einstein{Gauss{Bonnet theory for

dimensions D � 6.9 Therefore, these two solutions share the same topology class.

In the case when Q 6¼ 0, the vector � admits three zero points, corresponding to

small, intermediate and large black holes. The topological number is estimated to be

W ¼ þ1. The value of W and the asymptotic behavior of � is the same as that of

AdS{RN black holes. This suggests that the graviton mass does not alter the to-

pological number in four dimensions. Therefore, our result strengthens the propo-

sition that the modi¯cation of GR does not alter the topological characteristics.

In higher dimensions, our result rules out the conjecture that the topological

number at an arbitrary temperature is universally independent of black hole para-

meters.1 The sign of dRGT massive gravity parameter c3, determines the topology

number as well as the asymptotic behavior of � . In ¯ve dimensions, black hole

solution with c3 > 0 carries a topological number W ¼ 0 and the solutions with

c3 < 0 carry a topological number W ¼ 0.

It has been argued that the black holes in GR, as well as modi¯ed gravity theories,

can be classi¯ed based on their topological nature. Accordingly, topological number

W ¼ �1; 0;þ1 denotes three distinct topological classes.1,9,34,35 Further, one can

identify the topologically equivalent black hole solutions by examining the asymp-

totic behavior of the parameter �ðrhÞ. Therefore, AdS{RN, charged black holes in

massive gravity, neutral black holes in ¯ve-dimensional massive gravity with c3 < 0,

and charged Gauss{Bonnet black holes in AdS space{time belong to the same to-

pology class with W ¼ þ1. Whereas, black holes in Einstein{Gauss{Bonnet theory

for dimensions D � 6, neutral black holes in four-dimensional massive gravity and

neutral black holes in ¯ve-dimensional massive gravity with c3 > 0 share the same

topology class with topological number W ¼ 0. The results we have presented are

valid for black holes with spherical horizon hypersurfaces. One can revisit the cal-

culations to understand the topological nature of black hole solutions for planar and

hyperbolic horizon hypersurfaces.
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