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1. Introduction

Black holes are perhaps the simplest non-trivial solutions of Einstein’s field equations. However,
the implications of its geometry are both interesting and intriguing. The presence of a horizon
prevents classical information, inside the horizon, from reaching an asymptotic observer. Due to
this fact, the black hole horizon can be treated as an inner boundary of spacetime. It is this feature
that gives rise to a relation between the infinitesimal changes in mass, charge, angular momentum
of a black hole and the change of its horizon area, akin to the first law of thermodynamics [1]. These
infinitesimal changes are on the space of stationary black hole solutions, and this relation is referred
to as the stationary state version of the first law. Further, it was argued that black holes, in general
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relativity, can be endowed with an entropy which is proportional to the area of the horizon [2,3]. The
result of [4,5] that black holes radiate, quantum mechanically, like a black body, at a temperature
equal to that of its surface gravity, further lends support to the fact that black holes indeed behave
like thermodynamic objects. These further raise important questions regarding the quantum origin
of this entropy and motivates the quest for a quantum theory of gravity. However, the first law,
which is purely of classical origin, remains an important aspect to explore.

Black holes, as found in nature, are far from being appropriately described by global stationary
black hole solutions. They evolve due to infalling matter, and the area of the horizon changes with
time. Unlike the infinitesimal change in the stationary state version of the first law, which is a
change in the space of solutions, this is an evolution in time due to the process of matter falling into
the black hole. Consequently, a different version of the first law holds and appropriately describes
this situation. In this version one relates the time evolution of the entropy to the matter influx
across the horizon [6-8] and is therefore called as the “physical process” version of the first law
(PPFL). As will be explicit, PPFL can be locally characterized, and therefore, it also holds for a wider
class of horizons, which does not require the specification of the asymptotic structure. As a result,
PPFL holds in the context of Rindler [9], or for that matter, any bifurcate Killing horizon [10].

If a stationary horizon is perturbed by some matter stress—energy tensor T,,, and, once the black
hole settles down to another stationary state, then PPFL provides a mathematical expression for the
change in horizon area Ay as,

£ Any =/ Topx“ xPdA dt, (1)

8w H
where dA is the area element of the horizon cross-section, t is the Killing parameter associated
with the horizon-generating Killing vector x* and « denotes the surface gravity of the unperturbed
horizon. Much like the equilibrium version of the usual first law of thermodynamics, the above
relation will fail to hold, if considered between two nonequilibrium states, due to dissipative effects.
This would mean that the process of evolution of an initial equilibrium state has taken place in
a non-quasi-static manner. Then one can ask, what are the processes that are quasi-static such
that PPFL continues to hold. It is important to note that while deriving the above relation, by a
straightforward integration of the Raychaudhuri equation, there are two assumptions made. First,
the process of horizon evolution must be quasi-static so that the terms which are of higher order in
expansion and shear of the horizon can be neglected. Second, upon perturbation and in the course
of evolution, no additional generators are added to the horizon. When an object falls into the black
hole causing the evolution of the horizon, the interesting question is, what are the restrictions on
the parameters of the object such that the above assumptions remain valid. This query was first
examined by [11,12] and further extended for general perturbations by [10,13].

A necessary condition such that the above assumptions remain valid during the evolution, is the
avoidance of caustic formation along the horizon, a situation where the expansion becomes negative
infinity. Not only does the formation of caustic violates the first assumption, but it also indicates
the addition of new generators to the horizon. In D = 4, if a black hole of mass M is perturbed by a
spherically symmetric object of mass m and radius r then in order to avoid caustic formation, along
the horizon, the radius of the object () must satisfy r > 2+/2Mm [11]. Such a constraint on the size
of the perturbing matter has also been obtained for Rindler horizon in arbitrary dimensions [10] as
well as for perturbing matter which is charged or rotating [13].

In this work, we demonstrate that even if such a constraint holds, the change in horizon entropy
diverges, when considered between asymptotic cross-sections as pointed out in [9]. However, we
present an interesting observation that such divergences are absent for dimensions greater than 4.
The question now is whether one can modify the PPFL to account for such situations or in more
general situations where caustics ‘do’ form to the future of the bifurcation surface. The hint comes
from a modification of PPFL suggested in [14], where it was shown that one could choose arbitrary
cross-sections as the initial and final slices, at the cost of introduction of an extra term in the first
law expression. Hence we show that even if a caustic forms to the future of the bifurcation surface,
one can take our initial slice beyond that point and write a modified PPFL. Finally, we discuss the
same problem in the presence of a positive cosmological constant.
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2. Evolution of the horizon and the formation of caustic

In this section, we briefly review the derivation of PPFL as well as the conditions on the
perturbation strength, along the lines of [10,13], such that caustic is avoided to the future of the
bifurcation surface. Consider a space-time with a bifurcate Killing horizon. Suppose some energy
flux falls across an initially stationary bifurcate Killing horizon. Due to the teleological nature of the
event horizon, it starts expanding even when there is no flux across it and finally settles down to
another stationary state once the passage of all matter has ceased. The corresponding change in
the expansion 6, of the horizon, is governed by the Raychaudhuri equation for null-congruences,
associated with the horizon generating Killing vector x*,

do 1
i KO — 592 — oot — Raﬂxaxﬂ. (2)
We have parametrized the geodesics by the Killing time t and t = —oo corresponds to the

bifurcation surface. Further, « is defined as x*V, x" = «x" and o, represents the shear of this
congruence. The basic assumption one takes while deriving the physical process version of the first
law is that the process of horizon evolution is quasi-stationary (quasi-static in the thermodynamic
sense), such that one can neglect terms which are higher-order in 6 and o,,, in Raychaudhuri
equation. Under this assumption, Eq. (2) becomes,

do
-t k0 = S(t), 3)

where S(t) = 8w Topx“ x? is the perturbing energy flux. One exploits the Green’s function technique

to solve this differential equation. Further, using the expression 6 = —AlA (d(dAtA)), one gets the final
result as,
d(AA) 8« / *°
= dt T,zx%x”, 4
T i XX (4)

where A denotes the area of horizon cross-section. The right-hand side of the above equation can
be identified as the Killing energy (E, ) associated with x*, which is the amount of energy crossing
the horizon. Thus we have the first law,

KAA AE (5)

8r X
where AA represents the difference between the area of the perturbed horizon in the asymptotic
future and the initial area of the horizon before perturbation. The lower limit of the integration was
taken to be the bifurcation surface (t = —o0). As we have discussed before, the crucial assumption
one has to make while deriving the first law is the quasi-stationarity of the horizon evolution. This
statement about quasi-stationarity can be quantified by calculating a threshold value of 8, beyond
which caustics set in. To arrive at an expression for the threshold value, consider the homogeneous
version (8 = o2 = 0) of the Raychaudhuri equation,

d 0 o\ _, 6
(g +e)ae+(3) =0 ©

Solving for (6/(2«)) we obtain,

1
= . (7)

0
2k (] + (ETS _ 1) eK([o—[))

where 6, is the expansion of the horizon at some time to before the driving force acts. We can
clearly see that, if 65/(2x) > 1, then 6 increases to the past and becomes infinite at some finite
time t < tp [11]. This means, if the expansion becomes greater than 2« at any instance during the
evolution, then the Raychaudhuri equation implies that the horizon would develop a caustic at a
finite earlier time. Evidently, our earlier approximation in deriving the first law breaks down in this
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case. Our goal is to see what this condition means in terms of the parameters of the perturbing
object. Before proceeding, we outline a few equations related to the horizon evolution.

The complete description of the horizon evolution is governed by two equations. The Raychaud-
huri equation (Eq. (2)), which says how the expansion changes along the horizon Killing parameter
and, the tidal force equation which gives the evolution of the shear 0,,, i.e,

do.,
dt

where g, = hZh’SCMﬁ(,X*X“ is the electric part of the Weyl tensor Cy; 4+, and, h,,, is the projection
operator onto the space-like cross-sections of the horizon and is defined as,

h;w = 8w + Xulv + leu- (9)

Here I, is an auxiliary null vector, defined as I, x** = —1. If the horizon perturbation is weak, then
both Egs. (2) and (8) will get simplified significantly. We take the tidal field, which sources the
evolution of shear, to be of first-order in a small dimensionless parameter m«. Here, m denotes the
mass of the perturbing object, and « is the surface gravity of the unperturbed horizon. Truncating
both equations to lowest order in the perturbation parameter, we get,

1
= (K - Q)Guv - Guagg v + igzhﬂu + (20;/,0 + ehua) UU v 8/)_1;, (8)

do,,
- dl; +KG/LU = &uv, (10)
and,
do
—E-I‘K@:S(t)-l-crz. (11)

The tidal field sources the evolution of the shear o, according to Eq. (10) and this o,,, along with
the non-gravitational energy flux determines the horizon expansion through Eq. (11). The above
equations can be solved to get,

ow(t) = /m e (t)e Ot — t)dt, (12)
o(t) = /m (St + () et — t)dt'. (13)

Having laid out the necessary tools, we now proceed to calculate the conditions on the parameters
of the perturbing object so that the PPFL remains valid. The investigation was first carried out in
[11,12], where authors considered the perturbation of a Kerr black hole by a freely falling object. The
calculations were done by a justifiable approximation of a Kerr horizon by a Rindler horizon (RH),
the horizon perceived by an accelerating observer in flat spacetime. They arrived at the following
condition on the radius (r) of the perturbing object so that the PPFL remains valid.

m
r>2/—, (14)
2K

where « is the surface gravity of the black hole and m is the mass of the perturbing object. If the
radius of the perturbing object, falling into the horizon, is less than that of the threshold value give
by Eq. (14), then caustic will form along the horizon invalidating the approximations made while
deriving PPFL. This result, however, cannot be adopted for the case of Rindler horizon by taking
« — 0 limit. This was pointed out later in [10] and a result that holds for general bifurcate Killing
horizons, in spacetime dimension D > 3, was obtained. Further, in [13], the authors considered
situations where a freely falling charged or rotating object perturbs a Rindler horizon in D = 4.

3. Perturbation of Rindler horizon by a freely falling object

In this section, we briefly recap the problem regarding the validity of PPFL by considering a
horizon perturbation by a freely falling object. We obtain a constraint on the size of the perturbing
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object so that caustic formation is avoided along the horizon. Further, we explicitly show how to
establish the first law even if caustic forms along the horizon at some point in time. To calculate
horizon expansion of a black hole, we approximate the black hole horizon by a horizon perceived
by an accelerating observer in flat space-time (Rindler horizon). This is very reasonable since we
restrict the region of study very close to the event horizon, which can be approximated to be Rindler.
Then, we can obtain the corresponding results for the perturbation of the black hole horizon, as
explained in Appendix. From now on, we will be considering the evolution of the Rindler horizon
only.

3.1. Caustic avoidance of Rindler horizon in four spacetime dimension

Consider a spherically symmetric object falling across a Rindler horizon. We assume that the
mass of the perturbing matter is very small so that one can neglect the back-reaction effects. Also,
we neglect terms which are higher-order in m throughout the calculations, where m is the mass
of the perturbing object. In Minkowski coordinates (T, Z, x, y), the trajectory of the freely falling
object is given as, x = y = 0, and Z = z;. The perturbing object is characterized by the solution of
the linearized Einstein’s field equations. In isotropic coordinates, the perturbing metric is given as,

2
d? = — [1— —— " ) qr? (15)
0?2 +(Z — 20)?
2
+ (1 n 2(m)2> (dZ? + dp? + p*de?) ,
pe+(Z -2

where p? = x? + y?. We calculate the non-zero components of the electric part of the Weyl tensor.
On the horizon (T = Z) we have,

1 —3mp2«2Z?
Eop=""780 =" 5 +O(m2)- (16)
P (P? +(Z —20)?)?
Further, we express the above relation in terms of advanced Killing time which is related to the
Minkowski time co-ordinate as,

1
t=-1In (E(T +2)). (17)
K 2
Along the horizon we have,
T=Z=ZOEKE, (18)

where t = t — ty is the shifted Killing time and t, denotes the time at which matter crosses the
horizon. For kt <« 1 one can expand the above exponential. Thus the electric part of the Weyl
tensor becomes,
2,22

I (19)
(pZ + Z(%KZEZ)i
One can see that the maximum contribution to the electric part of the Weyl tensor comes from
t = 0. We assume p/zp < 1. Now, the time dependence of the above function can be effectively
described by a delta function peaked at t = 0 [11]. This can be understood by plotting the behavior
of the Weyl tensor as a function of xt. One can easily see from the Fig. 1 that the Weyl tensor
behaves like a delta function in the region p/zy <« 1. Therefore, we express the electric part of the
Weyl tensor as,

£pplf) = ——— 2 8(F). (20)
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0.5 1.0

Fig. 1. Behavior of the Weyl tensor against «t for two different values of %. One can see that the profile tends to look
like a delta function as % — 0.

The approximation of Eq. (19) by Eq. (20) is justified as follows. It is clear that the maximum
expansion obtained using Eq. (20) will always be greater than the one obtained from Eq. (19).
Hence, if the maximum value of expansion obtained using Eq. (20) satisfies the condition of caustic
avoidance, it will hold true for the expansion resulting from Eq. (19). Now, we calculate the horizon
shear using Eq. (12). We get,

1 4Amkzy
Opp = —7—5060 = —
pp
p? 0?

This expression says that the horizon shear vanishes once the perturbing object crosses the horizon
(t = 0). We now calculate the expansion of the horizon using Eq. (13). The integration can be done
easily, resulting in the following expression.

- 2 (4mkzy 2 B\ ki _
o) = = ( pz ) (1 —e )e O(-b). (22)
Similar to the shear, the expansion of the horizon also vanishes after the object has crossed the
horizon. It is to be noted that, the expression above determines the expansion of those geodesics
which pass outside the perturbing object. Our goal here is to find the allowed sizes of the perturbing
object so that no caustic forms along the horizon, ensuring the validity of the physical process first
law. Note that the expression, i.e., Eq. (22), describes the expansion of a Rindler horizon when
a spherically symmetric charged matter falls freely onto it. One can also find the corresponding
expression for a black hole horizon by replacing z, with 1/«, where « is the surface gravity of the
black hole (Appendix). If we approximate p by the radius r of the perturbing object,! the condition

et (—1). (21)

1 This approximation is reasonable since we have shown that the electric part of the Weyl tensor behaves as a delta
function peaked at t = 0, which is the time at which perturbing matter crosses the horizon. At this point the radial
co-ordinate p of the matter is essentially its radius r.
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for caustic avoidance along the horizon (6,.x < 2k ) reads,
[ m
r>2 (23)
2%
This result has been reported in [10-12].
3.2. Caustic avoidance for higher dimensional Rindler horizon
In dimensions higher than 4, one can calculate the bound on the radius of the perturbing object

by following the same steps and approximations as in Section 3.1. The metric for the perturbing
object in (n + 2) dimensional space-time is given by,

ds? = — [ 1— — | ar? (24)

Cm

T @D
(-1 (Vo* +@ - 2F)

(dZ* + dp® + p*d$2} ).

where p? = Z x and x;'s are the Minkowski co-ordinates. The constant C = ‘6” , with £2, being
the volume of S" The non-zero components of the electric part of the Weyl tensor are calculated
along the horizon (Z — T = 0) as,
(n—1) (n — 1)(n + 1)Cmk2Z2p?
Epp = ————&hi0, = — n13)" (25)
it 2(Ve? +Z - 27)

Proceeding with the same analysis as before, the formation of caustic is avoided if the radius of the
object satisfies the following relation.

1
(471«/11 — 1mzo)”
S (ZEVET T
-Qn—l

This result was obtained in [ 10]. We would like to extend the analysis further. Suppose the radius
of the perturbing object does not satisfy Eq. (23), then caustic may develop along the horizon at
some finite earlier time. In such situations, the PPFL becomes invalid. However, we explicitly show
that one can always recover the first law for a certain interval of horizon evolution according to [14],
in which the authors have obtained a first law expression for arbitrary horizon slices. During the
analysis of such a first law, we, however, come across certain features related to the total entropy
change of the horizon, which will be discussed thoroughly.

(26)

4. General structure of physical process first law and the law for arbitrary horizon cross-
sections

Recall that in our earlier analysis, we had imposed a condition while deriving PPFL, that no
caustic is formed to the future of the bifurcation surface. This assumption is necessary because one
has to integrate the Raychaudhuri equation from the bifurcation surface to some stationary surface
in the asymptotic future. However, one can always obtain a first law between two arbitrary horizon
slices at the cost of an additional term in the first law. We begin with a brief outline of the modified
PPFL as obtained in [14]. Consider the horizon perturbation due to some matter influx across the
horizon. The entropy associated with the horizon is given by,

_1 / Jh d'x, (27)
4 H
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where the integration is over the horizon cross-section, and h denotes the determinant of the
induced metric on its cross-section. The change in entropy along the horizon is given by,

1 22
= / d"x / d». vh 6%, (28)
A

where the expansion (9°T) along the affine parameter A is 62 = L In v/h. One can integrate Eq. (28)
by parts to obtain,

_1 n aff n deaff
AS = A Z/dxxe«/ﬁ /d f dr A vh . (29)
M

This relation can be recast in non-affine parametrization of the geodesics as,

1 1 1 b q
AS = A f‘/d”xf(%/ﬁ —f/d“x/ dr—ﬁ(—x0+d—9>, (30)
4 K 4 t K dt

where « is the same quantity as defined in Section 2. The affine and the non-affine parameters are
related by dA/dt = e*!, and the relation between the expansions in different parametrizations is
given by 0 = 0/« A. The evolution of 6 along t is governed by the Raychaudhuri equation given
by Eq. (2). We assume that the horizon perturbation is weak so that the higher-order terms can
be neglected. Let the tidal field, which sources the evolution of shear is of the order of, ¢ = m«.
Truncating Eq. (2) to lowest order in €, we get

_((1?9 + k0 = 8(t)+ 02 + 0(e?). (31)

Consequently, the entropy change (E

q. (
AS:A[l/d”X;G«/ﬁ] /d” / ar L (0 + s(t) vh. (32)

We are interested in the dynamics of those geodesics which do not intersect the infalling
body. Hence, the o2 is the leading order term in this case. The above expression is called the
modified version of the physical process first law. The important point here is that the above
relation determines the entropy change of the horizon between two arbitrary horizon Killing times.
However, this relation holds only for some duration of the horizon evolution at which one can
neglect the effect of 62 terms in the Raychaudhuri equation. The above expression, when evaluated
for t; — oo and t; — —oo0, the first term vanishes, and one gets back the original form of the PPFL.
The following assumptions are made in the process:

30)) becomes,

1. The horizon eventually settles down to a new stationary state. Therefore, the first term
evaluated at t, — o0 is zero, by assumption.

2. The first term is of higher-order at the bifurcation surface, provided the radius of the
perturbing body satisfies the bound Eq. (23). This bound also ensures that no caustic forms
to the future of the bifurcation surface.

We will show that the first assumption does not hold for Rindler horizons in four space-time
dimensions. In fact, there is a non zero contribution coming from the upper limit. We will show
that though 6 goes to zero at the asymptotic slice, its integral over the cross-section does not.
Further, the second term in Eq. (32) diverge when the spatial integration is taken over the entire
cross-section. Hence one is bound to define a PPFL for arbitrary cross-sections.

We will also relax the second assumption in the following sense. The horizon evolution should
be quasi-stationary (i.e., no caustic forms) between the concerned horizon slices only. Exploiting
our results, one can choose the interval of horizon evolution where such a modified PPFL will hold
for a given perturbing object. This way of looking at the problem is different since earlier we were
concerned about the size of the perturbing object to keep the horizon evolution quasi-stationary.

8
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But now, we look for a suitable interval of horizon Killing time where the first law remains valid.
As a consequence, t; cannot be taken at —oo but must be some finite value. Hence, we ask, given a
model of perturbation can one find the temporal span of the horizon evolution where the entropy
change satisfies the relation given by Eq. (32)?

We answer the question posed above as follows: Suppose an object falls freely across the horizon
at t = 0, which generates a non-zero expansion of the geodesics for t < 0. This means that the
horizon expands from t = —oo and ceases to expand when the object hits the horizon (t = 0).
A careful analysis of the Raychaudhuri equation reveals that if 6 &~ 2k, then one cannot neglect
the effect of #? term while calculating the entropy change. Now, our problem reduces to finding
the horizon Killing time (¢t = ) at which 8 ~ 2«. One can explicitly show that Eq. (32) holds for t
satisfying the condition: t < t < oco. Consider the perturbation of a Rindler horizon by a spherically
symmetric object. Suppose the object crosses the horizon at t = 0. Using the expressions for shear
and expansion, we estimate the time at which the expansion becomes 2« as,

2

r:;1n|:1 (1—\/1—1\1—1)}, (33)
where,

2
N = 8n(n — 1)(%) . (34)

Once we find the lower bound for the Killing time, we use Eq. (32) to calculate the entropy
change for T < t < oo. However, one must ensure that the integrations are finite. This will answer
whether the first assumption is correct and how one has to use the general expression (Eq. (32)) to
get a finite answer for the entropy change. In the next section, we will show that if the integration
over the cross-sections is taken over [a, oo) (where a should be taken as the radius of the object),
then the future slice should be taken at some finite Killing time.

4.1. Divergences in four space-time dimension

In this section, we evaluate the terms in Eq. (32) separately. Note that the approximations
made in the previous section essentially hides all the far region behavior of the perturbing Weyl
tensor. However, we find that the shear and the expansion can be calculated from the exact profile,
i.e., Eq. (16) of the Weyl tensor, without the assumptions made in the above section. Therefore,
we can find the large distance behavior of both the shear and expansion, which are ignored while
trying to find a lower bound on the size of the object. We discuss all these features one by one and
explain its impact on the validity of the physical process first law. Now, with the full profile, the
horizon shear is given by,

<zo (e = 1) (30 + 2207 (e - 1)2))
t)=—— = 1. 35
app( ) p2 Opp > 5 (,02 N 202 (et _ 1)2)3/2 (35)

The corresponding expression for expansion of the horizon is,

cm?zgert |: 64 <p2 + 222 (eKt _ 1)2) . (ZO (eKt ~ 1))
G(t)zi4 —157p + + 30p tan B
8p P2+ Zé (ext — 1)2 p
220 (et = 1) (470% + 6428 (et — 1) + 1130223 (e — 1)°)
- _ } . (36)
(02 +25 (e = 1)7)

9
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Note that these quantities do not vanish immediately after the perturbing object crosses the
horizon.2 However, both the shear and the expansion vanishes at t = oco. This ensures that the final
black hole configuration is stationary. However, at p = 0, these quantities diverge. If the particle
were replaced by an extended object, then these divergences would not have appeared because one
should consider the metric in the interior of the body as well. Since we are interested in the horizon
generators which do not intersect the body, our range of integration would be from some non-zero
value of p. Hence this divergence is not a problem. Alternatively, one can say that the lower bound
on the particle size takes care of this divergence.

To write Eq. (32), we need to evaluate the integrations over the cross-sections. Our goal is to
verify whether the expression for the entropy change is finite or not. We go ahead and calculate the
time and p integral of these quantities which appear in Eq. (32). One can show that the contribution
to the entropy change due to the first term in Eq. (32) is finite. Hence, we will be interested in the
quantity,

f (S(62) — Z(t)p dp do, (37)
where X (t) is defined as,
z(t) = /dt o? vh. (38)

To demonstrate the divergences we will first find this integral over a finite range p € [a, b]. This is

given by the following expression.
e <, [ + 2322 + zozz> <, /b2 + 2328 + zozl>

5 16 log
(1 [ + 2322 + zozl> (, /b2 + 2223 + zozz)

(39)

b
| (5= 2o dp do =

1 1 , 1
— —z5z1(z1 + 1 —
b? + 2323 a2+z§z§> 07z )<b2+z§zf a2+z§zf>

(@ +2027) (0 + 227 D
+7log (@ +20722) (P + 20721?) + (16202(21 —2)z1+ 22+ 2)) <§ - ?)

\/bZ + 2522 \/az + 2522 \/az +2323 \/bz +2322
b? B b2

+2¢25(z2 + 1) (

p +(z1+2) P -

15z Z0Z Z0Z 15z 707 202
+ =2 tan! (ﬁ) —tan™! (L) + =D an! (L) —tan™! (E) 7
b b b a a a

where z;, = —1+ e“"1.2_ If one takes the future slice at t, — oo and then takes b — oo limit, then
the integral diverges, which means that if one wants to write down a physical process first law for
an asymptotic slice besides integrating over the complete slices, then it fails. This was pointed out
in [9]. There is, of course, a way to avoid this problem. It is possible to get a finite result (AS) with
an asymptotic slice if one restricts the change of area to some open region of the horizon slice. We
will demonstrate this and explain the consequences. If one takes t; — oo and subsequently does
the p integration for some finite a, b, then the above expression (Eq. (39)) becomes,

mkm? | 2z2z1(z1 + 1)(a — b)(a + b) (1 1
— 15wz — — —
4 (a? + 202242 (b* + 20°21%) b

+16z0{(z2 +2)

b
| (zto0)= (@)oo ao =

2 The horizon expansion and shear become zero just after the perturbing object crosses the horizon if we approximate
the electric part of the Weyl tensor by a delta function as used in [10,11,13]. As mentioned above, we do not make such
approximation in this section.
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+z ZZ 2
+1410g( il )
(b2 —+ 20221 )
(ZOZ] — 4/ b? + 20221 ) (Z()Z] — a2 + 202212)
+32z0(z1 + 2) ™ - z

+32log (40)

(\/ b? + zp?z,? —i—Zng) 30 itan_l (22)  tan~!(%1) }
Zo
(\/ a? + 202212 + ZoZ])

One can see that this quantity is finite for some finite value of b, but has a logarithmic term which
diverges as b — oo. One would think that this can be avoided by putting an upper bound on the
size of the particle. This, however, remains to be seen and will be addressed in some future work.
Another way to obtain a finite value for AS is the following. If one keeps the final slice to be at some
finite Killing time but integrates over the entire horizon cross-section (b — 00), the corresponding
expression (Eq. (39)) is again finite.

o 16
/ (Z(t) — Z(t1))p dp db = —Mzm [ azzo (21(21 +2) -2z + 2))

 1620(21 + 2)\/a% + 292242

a2
2 252
+7 logw + ]6[0g <m+2021) B Z()ZZ](Z] + 1) 20222(22 + 1)
(a2 + 20%21%) ( az+202222+2022) @ +2022,2 | @+ 20222
162z4(z 2 a2 Z ZZ 2 15z, 707 207
n o(z2 + )a\z/ﬁ I aO<tan—1 (%) ~ tan~! (oa1)):| . (a1)

We will use this feature to write a modified PPFL. Note that this problem arises only for the
case of a Rindler horizon. In the case of a black hole horizon, there is a natural cut-off set by the
curvature scale of the background black hole geometry, beyond which the Rindler approximation
breaks down. In one of the following sections, we will show that this divergent feature does not arise
in higher dimensions, even for Rindler horizons. That explains the necessity to write the first law
between arbitrary slices at least in 4 spacetime dimensions. The other motivation for writing such
a modified PPFL is, of course, evading the lower bound on the radius of the object. We, therefore,
conclude this section with an expression for AS between arbitrary slices but with p integration in

the range [a, 00).

(, la? + zoz1 + zozl>
<1 a® + 2322 + zozz>
—162021/ @2 + 2222 + 162022,/ @* + 2222 + 1625(21 — 22)(z1 + 22)
+15az, (222 tan™! (%) —2z;tan”! (%) + 7 (z4 —zz)) i| )

This expression, however, does not take into account the matter stress—energy tensor of the body
itself. This contribution can only be calculated if one considers a realistic body for which the metric
and the matter content of the interior is known. Note that if the size of the particle satisfies the

2 @ 4 272
As =T | g2 log % — 16a® log
8a2 (a2 +2323)
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bound found in Section 3.1,% then the initial slice (t;) can be taken to be at the bifurcation surface,
else, t; must satisfy t; > t, where 7 is given in Eq. (33). The upper limit t, cannot, however, be taken
to oo, if the integration over the cross-sections is taken up to p — oo, for Rindler horizons in four
spacetime dimension. This expression, therefore, incorporates relaxation of both the assumptions
discussed in Section 4.

4.2. Dimensions greater than four

One can define the first law for the horizon cross-sections in higher dimensions, if one considers
the evolution satisfying the assumptions detailed in Section 4. But, as explained before, while
calculating the change in entropy using Eq. (32), one should ensure that the integration does not
diverge. Interestingly, in dimensions greater than four, the change in entropy is finite even if one
considers the evolution of the generators up to infinite Killing time and over the entire horizon
cross-sections (excluding p = 0). To see this, we analyze the expression for the change in entropy
for arbitrary slices in higher dimensions. Similar to the case of 4 dimensions, the first term in the
expression of entropy change (Eq. (32)) is finite even for large values of both p and t. But, one
should check the second term carefully to look for any divergences. We will explicitly calculate this
particular term and show that unlike the case of four dimensions, the change in entropy is finite for
dimensions higher than 4. First, we consider the evolution of the Rindler horizon in 5 dimensions.
The radial component of the electric part of the Weyl tensor which generates shear is given by,

32 mpZKZZOZeZKt

€pp = — 3 (43)
3 (,02 + 0% (et — 1)2>
The expression for the horizon shear is obtained as,
2
dxmzee<t | P70 (¢ = 1) (5,02 +322 (e = 1) ) (70 (et = 1)
Opp(t) = 3 5 +3tan” | ———~
3rmp (02 + 23 (et — 1)?) p
2k zomert
_K073 (44)
0

Now, one can calculate the expansion of geodesics using Eq. (13).

2icm?zpert 602 (127 p + 2z (e — 1 1605z (et — 1
Q(t): K 206 — p ( ,02 0( > )) + P O( ) 3—547T220€'Kt
Omsp p*+z5 (e — 1) (p? + 22 (et — 1)?)
24p3 Zo (et — 1
+61-37p+ ——L 4 36mz (¢ — 1) | tan”" (1)
p* +z5 (e — 1) P

Kt 2 4 ves
—2162y (¢ — 1) tan™" (ZO (e 1)> 4 S8tz (e 2 1) S+ (370 + 18nzo):| . (45)
1Y (pz —l—Zg (ext — ])2)
Note that the shear and the expansion are zero when evaluated at t = oo, similar to the case
of four dimensions. Also, the contribution to the entropy change from the first term of Eq. (32)
is finite. Therefore, as in the case of four dimensions, we are worried about the second term in
Eq. (32). We explicitly perform the integration to obtain the entropy change. The full expression for
J(Z(t2) — 2(t1))p? dp d$2, integrated over t € [t;, t] and p € [a, b] can also be found. One would
then be able to see that the t; — oo and the subsequent b — oo gives a finite result,

o 4 182222  362z9z1(2a — 7z
/ (2(00) — X(t1))p* dp d$2, = —mkm? (— g 1y 290 il 3 %)
a 9 a ma

3 However, note that there is, of course, another bound that the radius must satisfy. The radius cannot be less than
the Schwarzschild radius of the perturbing body.
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N 18 (72 —4)a+39mzy  8(d® —azizy)

(@)
7223z — 60a>  6(2z; + 1)cot™! (%) 6 621 + 3
72 (a3 + azlz?) n2z0z3 mlazy  mwzpz?
202
- (12 (28z1(z1 +2) — @*) tan™! (%) + azo(24z; + 13) + 127 (a® — z3z1(21 + 2)))
20z 6
X (L) -— tan”! ) ) (46)
a / n%

Therefore, in the case of Rindler horizons in five spacetime dimension, the first assumption made
in Section 4 continues to hold. Hence there is no necessity to take the future slice to be at a finite
Killing time. However, in principle, one can write an expression for entropy when the future slice is
taken at some finite Killing time. The relaxation of the second condition can still be done (Section 4).
The corresponding expression for entropy change is found to be,

mZ

AS =
I aizozy (a? + 2¢z3)

|:zoz] ( 2 (972 — 67) d* + 3370*2021 (47)

202
+6 (6% — 23) a’z5z] + 33mazgz; + 187°z3z] ) +6 (a* + z5z7) tan ™" (%)

202
x (a3 + 122021 (@® + 2327 ) tan ™! (%) — 12ma*z0z; — 11aziz? — 12nz§zl3) ] :

This expression again does not take into account the matter stress—energy tensor of the body
itself. The future slice has been taken at the asymptotic Killing time. If a does not satisfy the bound
given by Eq. (26), on the radius then t; must satisfy the bound t; > 7, where t is given by Eq. (33).
If a satisfies the bound then t; can be taken at —oo.

For completeness, we will briefly outline the results obtained for six-dimensional Rindler space-
time. In 6 dimensions, we have the following expressions for the electric part of Weyl tensor.

45 mpZKZZOZeZKt
€pp = — = (48)

2 2
4rr (,02 + zo%(e<t — 1) )

The expression for shear is given by,

3cmzgert (e — 1) (15p4 + 825 (e — 1)4 +20p%2% (e — 1)2) 6 mzgett
0,p(t) = T — - (49)
4 p* (0% + 25 (et — 1)?) TP
This expression is zero at t = co. One proceeds to calculate the expansion and is found to be zero
at t = oo, which ensures the future equilibrium configuration of the horizon. The contribution
to the entropy change from the first term of Eq. (32) is finite. Therefore, we calculate the term
J(Z(t2) — 2(t1)) p* dp ds2; integrated over t € [t1,t;] and p € [a,b]. The t, — oo and the
subsequent b — oo again gives a finite result. The corresponding expression for change in entropy
of Rindler horizon in 6 dimensions is calculated to be,

9m? | 1890zz 20z 2 (73a® + 672222 158
- o | 1o o () 20O TE) 158 50
2048 a (@ +2222) a
409620z, (zoz1 —Ja + zézf)
. . ]
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We have analyzed the behavior of the entropy change for a Rindler horizon in different dimensions.
An interesting observation thus made is, in 4 dimensions the expression for entropy change is
infinite if one considers the evolution of all the geodesics for p € (0, o¢], and t — oo limit. But
such divergences do not arise for dimensions five and six. Therefore, by looking at the behavior of
the expression for the entropy change, we conjecture that the change in horizon entropy is finite
even the horizon evolution is taken up to t — oo for dimensions greater than 4. We will analyze
the same problem for space-times with non-zero cosmological constant below.

5. Horizon perturbation in arbitrary dimensional de-Sitter space-time

As the final step of our analysis on the validity of PPFL, we consider the perturbation of
a black hole horizon in (n + 2) dimensional spacetime with a non-zero cosmological constant
(A). Such space-times demand similar studies in their own rights owing to their importance in
cosmology and holography. The interesting question now is how the introduction of a cosmological
constant changes our previous results. We will be dealing with de-Sitter space-time only since
the examination with the anti-de-Sitter is quite similar. In a small enough region, the event
horizon of a Schwarzschild-de Sitter black hole can be approximated by a horizon, as perceived
by an accelerating observer in Minkowski spacetime (Appendix). We shall exploit this advantage
to simplify our calculations. We will be considering only the perturbation of the black hole horizon
() throughout this work since the cosmological horizon is of less importance for the study we are
having. Basically, the calculations deal with the perturbation of the Rindler horizon in flat-space-
time and the effect of A comes from the horizon perturbing matter. At the end of the calculations,
we will revert the results back to the case of Schwarzschild-de Sitter black hole, as explained in
Appendix. We follow the same procedure as before to find the expansion of the horizon due to an
infalling spherically symmetric object. We assume the mass m of the perturbing object is small so
that one can treat the problem perturbatively. This allows us to consider the perturbing metric as
a solution of linearized Einstein’s equations in the presence of a positive cosmological constant. In
isotropic coordinate system (T, Z, p, £2,—1), the metric for the perturbing object is given by [15],

Cme—(n="DHoT
ds?=—]1- = dr? (51)
( (2 +(z - Zo)z))
Crme—(n—"DHoT

Lol | 1 4 (d22 +dp* + pzd.Q,f_]) ,

(n—1)
(-1 (Vo' +@ - 2F)
where p? = Y"1 x? and H = 2A/(n(n + 1)). The constant C = r%:, with £2, being the volume
of S". The non-zero components of the electric part of the Weyl tensor are calculated along the
horizon (Z — T = 0).

(
Epp = T €6 (52)

(n — 1)Cmx?z2e~("—DHoZ [
== 3\ P (
2(Ve? +Z = 27)
Proceeding with the same analysis as before, we approximate the electric part of the Weyl tensor

with a delta function centered at t = 0, where t is the shifted Killing time.
_ (n—1) (n—1)8mmkzy _,,_
Epp(t) = — o6 = — r—_— =D
80,6; n§2y 1 P

This expression reduces to the one obtained in [10] for Hy = 0. We calculate the shear of the horizon
using Eq. (12) and the expansion using Eq. (13).

Hozo (n — 14+ eZHOZO) 8(1). (53)
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_ n (n—1)8mrmkzy _,,_ 2
o(t) = e~ ("= DHo% (n — 1 4 ¢2Ho%0 54
0= (nrzm o (n—1+e%%) &4

x et (1 — e"f) O(—t).

The condition on & such that a caustic forms, now reads,

<i> > 1. (55)
nk max

This gives a limit on the size of the perturbing object to keep the horizon evolution quasi-stationary.
Therefore, caustic formation along the horizon is avoided if,

1
e (47‘[«/1;2— 1mzg e—(—DHozo (n 1+ e2Hozo)> i (56)
néin—1

where we have approximated the radial coordinate p with the radius of the object. One can check
that for A = 0; this condition reduces the expression obtained in Eq. (26). For the case of black
holes, the condition on the radius of perturbing matter to avoid caustic formation can be obtained
as described in Appendix. One can see from the above expression that the allowed (no caustic)
values for the radius of the perturbing object get larger as the dimensionality increases.

Our analysis on the validity of PPFL for various perturbation set-ups completes here. We have
investigated different cases of horizon perturbations and obtained conditions on the size of the
object so that caustic will not form along the horizon, hence ensuring the validity of the first law.
In the next section, we consider the case of modified PPFL relation discussed in [14], where authors
have obtained a first law relation for arbitrary horizon cross-sections. In the next section, we analyze
the characteristics of the entropy change for a space-time with non-zero cosmological constant.

5.1. PPFL for arbitrary horizon cross sections in de-Sitter space-time

In this section, we look for a duration of horizon evolution in de-Sitter space-time, where
one can establish the first law even if caustics form. As discussed before, caustic may develop
along the horizon if the radius of the perturbing object does not obey Eq. (56). In the case of the
horizon perturbation in Schwarzschild space-time, we have already explained the appropriate way
to develop the notion of the first law in Section 4. Now, we develop the same in the case of black
hole perturbation in de-Sitter space-time, exploiting the results obtained above.

Before proceeding, let us recap the motive behind considering the horizon evolution between
arbitrary slices. We have explained in Section 2 that if the expansion of the black hole horizon
becomes comparable to 2«x, where « is the surface gravity of the black hole before perturbation,
due to infall of some matter at time t = 0, caustic will inevitably form along the horizon at some
finite earlier time (t < 0). Evidently, the quasi-stationary approximation of the horizon evolution
breaks down hence invalidating the first law. Interestingly, it has been shown in [14], that one can
still study the horizon evolution by excluding the non-quasi-stationary part of the evolution. This
is achieved by slightly modifying the form of the first law as in Section 4. Also, we have explained
how this works in the case of horizon perturbation of the Schwarzschild black hole. Here we give
yet another simple calculation to exemplify the modified version of PPFL.

Consider the perturbation of a (n + 2) dimensional Rindler horizon in de-Sitter spacetime by a
spherically symmetric object. Suppose the radius of the object violates the condition to avoid caustic
formation (6 < n«), at some point of horizon evolution (t = t). This spoils the quasi-stationarity
nature of the process for t < 7. But, one can still study the first law for T < t < oo. The value of 7,
for this case, can be calculated as,

r=11n|:; (1—\/1—1\11)}, (57)

K
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where,

8(n—1 z (n—1)H Mo\ 2
N = (n ) ( Tmzo e (n—l+eTO) . (58)
n $2n-1p"

One can safely use Eq. (32) to obtain the change in entropy within the range t < t < oc. Also,
it will be interesting to check whether the change in entropy is finite. Since the calculation of area
change for arbitrary dimensional de Sitter space-time is quite laborious, we consider four (4D) as
well as six-dimensional (6D) cases only. The expansion and shear calculated for 4D and 6D are well
behaved except when p becomes zero, just like the case of Rindler horizon in flat space-time. This
divergence is, however, not our concern since we are looking for the evolution of those geodesics
which do not intersect the perturbing object. Further, the first term in the expression of entropy
change Eq. (32) is finite for both 4D and 6D cases even if one considers the p — oo limit. Hence, just
like the case of flat space-time, divergences come from the second term of Eq. (32). In 4D, we denote
this term as f(Z(tz) — Xt )),od,od@, where X(t) is the time integral of o'2. This quantity is finite if
either one of the variables (p or t;) varies till infinity, but other is held finite. But diverges if both
tend to infinity. This can be seen by the following argument. If one evaluates the above integration
over the cross-section area, where p varies between [a, b], then an asymptotic expansion around
t, = oo gives the following expression:

TK mze—ZHozo

b
/a (2(00) = Z(t1)) pdpdt = —, —5—

[Zo(a —b) [ a (nb (8e2o%0 - getHoo _ 1)

_820 (eZHOZO + 1)2) }
—32a%b%e*M0% |og (%) cosh(Hozo){cosh(Hozo) +2 <log(220) - 1) sinh(Hozo)}

—8bz2(a — b) (2% 4 1)° ] (59)

as the leading order term. However, this expression contains log b term and therefore diverges when
the b — oo limit is taken. But if we consider higher-dimensional de-Sitter spacetimes (D > 5),
this divergence goes away, giving finite results for entropy change, similar to the case of Rindler
horizon in flat space-time. The expression calculated for the change in entropy of Rindler horizon
in six dimensions, obtained by taking both t — oo and p — oo limits is given,

_ om2e o [ 529z (16€2H070 (e2Ho%0 4 5) +93) (7 — 2tan~" (221))

AS =
2048 a3

1 2202 7.7 ( »2H 2 2,2
+@ { —— (1282021 (e?0%0 4+ 3)" (\/a? + 232} — 2oz

a* (a? + z¢2%)
—64a® (2?1070 4 0% — 3) 4+ o252} ( (164807 4 304e*0%0 4+ 2223)  /a? + 232}

—64zz; (€207 4 3) (7¢210% 4 17) ) +aiziz? ( —192z07; (0% + 3) (3¢210% 4 5)

+ (112¢*0% (2¢*H0%0 1 9) 4 1041) | /a® + 222} ) —8a®2yz ( 82921 (e?0%0 + 3)

x (5€210% 1 3) 4 (—16¢210% — Gehoro 4 3) [a? + 7272 ))
—64 (20?070 4 ¥ _ 3) (log (a® +z327) — 2log (,/a2 + 2222 + zozl>> }i| . (60)

16



T.K. Safir, C. Fairoos and D. Vaid Annals of Physics 450 (2023) 169237

One can see that the above expression is finite. Therefore, for a Rindler horizon in a space-time
with non-zero cosmological constant, the change in horizon entropy, when considered between
asymptotic cross-sections, is finite for dimensions greater than four. This result is the same as of a
Rindler horizon in flat space-time.

Finally, we would like to emphasize the usefulness of the recipe for obtaining a period of horizon
evolution in which the process is quasi-stationary. As presented in [14], one does not always have
to worry about the bifurcation surface to establish the first law for the black hole horizon. Instead,
it can be achieved by considering any arbitrary horizon slices, provided the quasi-stationarity
approximation is valid in between such cross-sections, and the first law looks like Eq. (32). We
have explicitly calculated the value of the time slice in terms of the parameters of the perturbing
object.

6. Discussion

The first law of black hole mechanics has moulded much of our views about the black holes.
However, checking the limits of application of the first law of black hole mechanics is an important
aspect that can be explored. As emphasized before, the questions posed in this paper are analogous
to the question of which processes are quasi-static in usual thermodynamics. However, there is
an important difference. In usual thermodynamics, if one starts with an initial equilibrium state,
then a non-quasi-static process will evolve the state through non-equilibrium states. Due to the
teleological nature of the event horizon one has to ask the opposite question in the case of black
hole thermodynamics. That is if one assumes that the final state is a stationary black hole, what are
the processes that ensure that the initial state was stationary. The break down of the assumptions
in PPFL and the onset of caustics to the past, of the event of an object crossing the horizon, precisely
means that the initial state was non-stationary and that the initial bifurcation surface never existed.

While this has been pointed out several times in the literature, it has also been argued that
Rindler horizons present itself in a unique way, due to non-compact cross-sections. In [9], it has
been pointed out that though the shear remains small throughout the process, the total shear
obtained by integrating over the cross-sections contribute infinitely to the change in entropy. In
this article, the main focus is to demonstrate this precisely. In four dimensions, we show, that
this indeed is true. However, in higher dimensions, this is not so, at least for the case when the
perturbation is due to a spherical body. We attribute this behavior to the fall-off condition of the
Weyl tensor in asymptotically flat space-times in four dimensions. It is possibly similar in spirit to
the logarithmic behavior of the electric potential in two dimensions. Assuming that the occurrence
of such pathologies is generic; we provide a recipe to obtain finite results by restricting ourself to
finding changes only within a finite interval of horizon evolution (modified PPFL).

A similar study has been done in the case where the background is de-sitter. The results obtained
have been compared with the case of zero cosmological constant. In effect, we observe that the set
of allowed values for the size of the perturbing object, so that the PPFL remains valid, get reduced
due to the presence of the cosmological constant. Also, our results show that this effect of the
cosmological constant is the same in all dimensions. The motivation for the analysis in arbitrary
dimensions is largely due to the growing interest in “the large dimension” limits of Einstein’s
equation and its solutions. The results obtained show that the allowed range of values of the radius
of the object monotonically increases as the dimensions increases.

Another important aspect is the following. Even if caustics form to the future of the bifurcation
surface, it is plausible that the PPFL still holds for an interval time after caustics set in. However,
in this case, the limits of integration are different from those assumed in the original derivation of
PPFL. The effect of such a choice of integration limits is a modified version of PPFL suggested in [14].
This motivates one to find a horizon time beyond which this modified PPFL continues to hold. This
is precisely what we have calculated in Sections 4 and 5.1. This lends support and provides an
example for the suggestions put forward in [14].
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Appendix. Rindler approximations of black hole space-times

We outline the idea of the Rindler approximation of black hole horizon, which shows that the
near horizon geometry of a stationary non extremal black hole is that a Rindler spacetime. Though
we have considered Schwarzschild and Schwarzschild-de Sitter space-times for our case studies,
this idea is applicable to more general cases. We consider a general spherically symmetric metric
of the form,

d 2
ds? = —f(r)de® + 2 4 12dQ?. (A1)
f(r)
We expand the function f(r) around the black hole horizon as,
fO)=Fo) + o )r—r)+0((r—ry)), (A2)

where r, represents the position of black hole horizon. If we restrict the region of interest
sufficiently close to the horizon, one can approximate the above relation as,

flr)=~2«(r —ry), (A3)

where k = %f’(u) is the surface gravity of the corresponding horizon. Introducing a new radial
coordinate («) which vanishes at the horizon and increases outwards as,

« :\/Zx(r—r+)+0((r—r+)%). (A4)
The line element becomes,
d 2
ds = —a2dt® + —— + r2d$2>. (A5)
K

Now one can express the above metric in cartesian coordinates in a small region of space-time
sufficiently close to the horizon (¢ < 1) around a specific direction 6 = 6, as follows

X =1y sin(6g)e, (A.6)
y =r1(0 — o),
o
z=—.
K
The metric in this coordinates will looks like,
ds* = —k%Z2%dt? + dx? + dy? + dz°. (A7)
This is the Rindler spacetime and it will be obvious if we do another coordinate transformation as,
T = zsinh(xt) and Z = z cosh(kt). (A.8)
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And the metric becomes,
ds® = —dT? 4 dx* + dy* + dZ°. (A.9)

The Rindler approximation of black hole horizon was justified by the following assumptions. The
region under consideration is within « < 1, which means on the trajectory, zo « % and is within
a patch of horizon cross-section which is small compared to the total area of the horizon cross-
sections. To recover the results for black holes, we relax these approximations so that kzg = g =~ 1.
Where «y is the initial radial distance of the perturbing object from the horizon [12].

References

[1] J.M. Bardeen, B. Carter, S.W. Hawking, Comm. Math. Phys. 31 (1973) 161, http://dx.doi.org/10.1007/BF01645742.

[2] ].D. Bekenstein, Lett. Nuovo Cimento 4 (1972) 737-740.

[3] J.D. Bekenstein, Phys. Rev. D 7 (1973) 2333, http://dx.doi.org/10.1103/PhysRevD.7.2333.

[4] S.W. Hawking, Comm. Math. Phys. 25 (1972) 152-166.

[5] S.W. Hawking, Comm. Math. Phys. 43 (1975) 199, http://dx.doi.org/10.1007/BF02345020, Erratum; Commun.

Math. Phys. 46 (1976) 206, http://dx.doi.org/10.1007/BF01608497.

[6] S.W. Hawking, ].B. Hartle, Comm. Math. Phys. 27 (1972) 283, http://dx.doi.org/10.1007/BF01645515.

[7] B. Carter, in: S.W. Hawking, W. Israel (Eds.), General Relativity: An Einstein Centenary Survey, Cambridge University

Press, 1979.

R.M. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics, University of Chicago Press,

1994.

[9] T. Jacobson, R. Parentani, Found. Phys. 33 (2003) 323-348.

[10] AJ. Amsel, D. Marolf, A. Virmani, Phys. Rev. D 77 (2008) 024011, http://dx.doi.org/10.1103/PhysRevD.77.024011,
arXiv:0708.2738 [gr-qc].

[11] K.S. Thorne, R.H. Price, D.A. MacDonald, Black Holes: The Membrane Paradigm, Yale University Press, New Haven,
1986.

[12] W.M. Suen, R.H. Price, LH. Redmount, Phys. Rev. D 37 (1988) 2761, http://dx.doi.org/10.1103/PhysRevD.37.2761.

[13] S. Bhattacharjee, S. Sarkar, Phys. Rev. D 91 (2) (2015) 024024, http://dx.doi.org/10.1103/PhysRevD.91.024024, arXiv:
1412.1287 [gr-qc].

[14] A. Mishra, S. Chakraborty, A. Ghosh, S. Sarkar, ]. High Energy Phys. 1809 (2018) 034, http://dx.doi.org/10.1007/
JHEP09(2018)034, arXiv:1709.08925 [gr-qc].

[15] D. Astefanesei, R.B. Mann, E. Radu, J. High Energy Phys. 0401 (2004) 029, http://dx.doi.org/10.1088/1126-6708/2004/
01/029, [hep-th/0310273].

8

19


http://dx.doi.org/10.1007/BF01645742
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb2
http://dx.doi.org/10.1103/PhysRevD.7.2333
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb4
http://dx.doi.org/10.1007/BF02345020
http://dx.doi.org/10.1007/BF01608497
http://dx.doi.org/10.1007/BF01645515
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb7
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb7
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb7
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb8
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb8
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb8
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb9
http://dx.doi.org/10.1103/PhysRevD.77.024011
http://arxiv.org/abs/0708.2738
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb11
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb11
http://refhub.elsevier.com/S0003-4916(23)00022-2/sb11
http://dx.doi.org/10.1103/PhysRevD.37.2761
http://dx.doi.org/10.1103/PhysRevD.91.024024
http://arxiv.org/abs/1412.1287
http://arxiv.org/abs/1412.1287
http://arxiv.org/abs/1412.1287
http://dx.doi.org/10.1007/JHEP09(2018)034
http://dx.doi.org/10.1007/JHEP09(2018)034
http://dx.doi.org/10.1007/JHEP09(2018)034
http://arxiv.org/abs/1709.08925
http://dx.doi.org/10.1088/1126-6708/2004/01/029
http://dx.doi.org/10.1088/1126-6708/2004/01/029
http://dx.doi.org/10.1088/1126-6708/2004/01/029

	Physical process first law and the entropy change of Rindler horizons
	Introduction
	Evolution of the horizon and the formation of caustic
	Perturbation of Rindler Horizon by a freely falling object
	Caustic avoidance of Rindler horizon in Four spacetime dimension
	Caustic avoidance for Higher dimensional Rindler Horizon

	General Structure of Physical Process First Law and the law for Arbitrary Horizon Cross-sections
	Divergences in Four space–time dimension
	Dimensions greater than four

	Horizon perturbation in Arbitrary dimensional de-Sitter space–time
	PPFL for arbitrary horizon cross sections in de-Sitter space–time

	Discussion
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Data availability
	Acknowledgments
	Appendix. Rindler approximations of black hole space–times
	References


