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A B S T R A C T

The dynamical properties of small-large black hole phase transition in dRGT non-linear massive
gravity theory are studied based on the underlying free energy landscape. The free energy
landscape is constructed by specifying the Gibbs free energy to every state, and the free energy
profile is used to study the different black hole phases. The small-large black hole states are
characterized by probability distribution functions and the kinetics of phase transition are
described by the Fokker–Planck equation. Further, a detailed study of the first passage process
is presented which describes the dynamics of phase transitions. Finally, we have investigated
the effect of mass and topology on the dynamical properties of phase transitions of black holes
in dRGT non-linear massive gravity theory.

. Introduction

A black hole is, hopefully, an excellent tool that could be used to unravel the nature of gravity at the quantum mechanical level.
he well-established connection between a black hole and an ordinary thermodynamic system [1,2] has laid a strong foundation for
his prospect. The hope is to understand the underlying microscopic description corresponding to the macroscopic thermodynamic
eatures of black holes. Consequently, rigorous studies were conducted to understand gravity from the viewpoint of thermodynamics
nd statistical physics, and a lot of advancements have been made in recent years. One of the profound results in this regard
s due to Hawking and Page who demonstrated the existence of phase transition in the phase space of an Anti-de Sitter (AdS)
chwarzschild black hole [3]. Later, a charged black hole in AdS spacetime is shown to exhibit a first-order phase transition similar
o a van der Waal liquid–gas system [4,5]. These calculations are carried out in an extended phase space where the cosmological
onstant (𝛬) is treated as thermodynamic pressure and its conjugate quantity as a thermodynamic volume. It turns out that various
lass of black hole solutions in asymptotically AdS spacetime possess rich phase structure and shows critical phenomena and phase
ransitions [6–16].

The microscopic degrees of freedom responsible for the thermodynamic quantities of a van der Waal system are well known.
owever, a satisfactory explanation of black hole microstructures is yet to be attained. There are many interesting studies that prob
lack hole microstructures using various techniques in geometrothermodynamics [17–19]. Recently, a method based on the free
nergy landscape has been proposed in which a black hole is considered as the macroscopic emergent state of microscopic degrees
f freedom corresponding to the space–time [20]. In this formalism, the black hole states are described by Gibbs free energy in terms
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of an order parameter. The order parameter is realized as a coarse-grained description that reflects the features of the microscopic
degrees of freedom of the system. The free energy distributed among the state space constitutes a free energy landscape and the
formalism is used to study the phase transitions in many systems [21–23]. In the free energy landscape construction for black
hole systems, the horizon radius is taken as the order parameter. The kinetics of black hole phase transitions are then studied
using the probabilistic Fokker–Planck equation on the free energy landscape. This methodology has been applied to study the
phase transitions in Einstein’s gravity and massive gravity theories [20]. The calculation can be extended by solving the Fokker–
Planck equation subjected to suitable boundary conditions to obtain the stationary distributions of black hole states at different
temperatures. Further, one can explore the first passage time of the probabilistic evolution between black hole states. The dynamics
and kinetics of black hole phase transitions on free energy landscape are investigated for five-dimensional Gauss–Bonnet [24] and
Reissner–Nordstrom [25] black holes in AdS spacetime.

The theory of general relativity (GR) describes how gravity works in four dimensions and is based on massless gravitons with two
egrees of freedom. Even though GR is a remarkable theory, it suffers certain fundamental issues [26]. Naturally, many attempts
ave been made by modifying Einstein–Hilbert action. The massive gravity theory was formulated as a straightforward modification
f general relativity in which the graviton acquires a non-zero mass. The advantage of such a theory is that it explains the accelerated
xpansion of our universe without introducing a bare cosmological constant. The initial massive gravity model was proposed by
ierz and Pauli in 1939 [27]. However, the theory did not produce correct GR limits in the massless case. Also, the non-linear
odifications of the initial theory lead to ‘‘Boulware–Deser’’ ghost instability [28]. Later, de Rham, Gabadadze, and Tolley (dRGT)
roposed a ‘‘Boulware–Deser’’ ghost-free theory with proper GR limit by adding higher-order interaction terms to the Einstein–Hilbert
ction [29]. Consequently, the black hole solutions in this modified gravity theory and their thermodynamic characteristics were
xtensively investigated. The van der Waal-like features and other related topics such as triple point, Reentrant phase transitions,
eat engines, and throttling process were also studied [30–39]. In addition, several methods to probe the microstructure of black
ole solutions in massive gravity were presented using various thermodynamic-geometry approaches [40–44].

This paper focuses on the dynamical properties of black hole phase transitions in dRGT massive gravity theory using the formalism
f free energy landscape. The organization of the paper is as follows. In Sections 2 and 3, we discuss the thermodynamic structure
nd phase transition of black hole solutions in dRGT non-linear massive gravity in terms of free energy. In Section 4, we study the
okker–Planck equation, and the numerical solutions are obtained for reflecting boundary conditions. Also, we discuss the numerical
esults of the first passage time leaking from a small black hole to large black hole phases. In Section 5, we investigate the effect
f mass and topology on the dynamical properties of the small-large black hole phase transition in the massive gravity theory. The
esults are summarized in Section 6.

. Thermodynamic characterization and phase transition

We briefly discuss the spacetime structure and the thermodynamic properties of black hole solutions of four-dimensional dRGT
on-linear massive gravity theory in AdS space. The action for the Einstein-dRGT gravity coupled to a non-linear electromagnetic
ield is obtained by adding interaction terms to the Einstein–Hilbert Lagrangian as [45],

𝑆 = ∫ 𝑑4𝑥
√

−𝑔

[

1
16𝜋

[

𝑅 + 6
𝐿2

+ 𝑚2
4
∑

𝑖=1
𝑐𝑖 𝑖(𝑔, 𝑓 )

]

− 1
4𝜋

𝐹𝜇𝜈𝐹
𝜇𝜈

]

, (1)

here 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 is the electromagnetic field tensor with vector potential 𝐴𝜇 , 𝐿 is AdS radius which is related to the
osmological constant (𝛬) by 𝐿2 = −3∕𝛬, 𝑚 is related to the graviton mass, and 𝑐𝑖 are coupling parameters. Further, 𝑓𝜇𝜈 is a
ymmetric tensor known as reference metric coupled to the space–time metric 𝑔𝜇𝜈 . Graviton interaction terms are represented by
ymmetric polynomials 𝑖, and are obtained from a 4 × 4 matrix 𝜇

𝜈 =
√

𝑔𝜇𝛼𝑓𝜈𝛼 , which have the following forms,

1 = [],

2 = []2 − [2],

3 = []3 − 3[2][] + 2[3],

4 = []4 − 6[2][]2 + 8[3][] + 3[2]2 − 6[4].

The black hole solutions to the above action can be obtained in the following form [30,46]:

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 1
𝑓 (𝑟)

𝑑𝑟2 + 𝑟2ℎ𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗 , (2)

where ℎ𝑖𝑗 is the metric on the two-dimensional hypersurface. The topological parameter (𝑘) can take values 0,−1, or 1, representing
planar, hyperbolic, and spherical topology, respectively. Choosing the reference metric 𝑓𝜇𝜈 = diag(0, 0, 𝑐20 ℎ𝑖𝑗 ), the values of the

interaction terms
(

𝑖
)

become 1 =
2𝑐0
𝑟 , 2 =

2𝑐20
𝑟2

, 3 = 4 = 0 [30]. Now, the metric function reduces to,

𝑓 (𝑟) = 𝑘 −
𝑚0
𝑟

− 𝛬𝑟2

3
+

𝑞2

𝑟2
+ 𝑚2

( 𝑐0𝑐1
2

𝑟 + 𝑐20𝑐2
)

. (3)

ere, the parameters 𝑚0 and 𝑞 are related to the black hole mass and charge respectively. The graviton mass is represented by 𝑚.
ote that in the limit 𝑚 → 0, the metric function reduces to Reissner–Nordstrom black hole solution in AdS space. Now, the event
orizon (𝑟 ) is obtained by solving the equation 𝑓 (𝑟 ) = 0. The Hawking temperature of the black hole is related to its surface
2

+ +
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Fig. 1. A plot showing black hole temperature as a function of 𝑟+ (a) when 𝑃 < 𝑃𝑐 and (b) 𝑃 > 𝑃𝑐 .

gravity by the relation 𝑇𝐻 = 𝜅∕(2𝜋), where the surface gravity 𝜅 = 𝑓 ′(𝑟+)∕2. As in the case of an asymptotically AdS black hole in
four dimensions, one can relate the thermodynamic pressure with cosmological constant [47–49] as,

𝑃 = − 𝛬
8𝜋

.

At this point, the mass, temperature, and entropy of the black hole in Einstein-dRGT gravity coupled to a non-linear electromagnetic
field can be expressed in terms of the horizon radius and pressure as follows:

𝑀 =

(

𝑟+
2
(𝑘 + 𝑐20𝑐2𝑚

2) +
𝑐0𝑐1𝑚2𝑟+

2
+ 8

3
𝜋𝑃 𝑟2+ +

𝑞2

4𝑟2+

)

,

𝑇𝐻 =

(

2𝑃𝑟+ +
𝑘 + 𝑐20𝑐2𝑚

2

4𝜋𝑟+
−

𝑞2

16𝜋𝑟3+
+

𝑐0𝑐1𝑚2

4𝜋

)

,

𝑆 = 𝜋𝑟2+.

hermodynamic volume is obtained as,

𝑉 = 4
3
𝜋𝑟3+ = 𝜋

6
𝑣3, (4)

where 𝑣 = 2𝑟+ is the specific volume. The equation of state of the system 𝑃 = 𝑃 (𝑇𝐻 , 𝑣) is,

𝑃 =
𝑞2

2𝜋𝑣4
−

𝑘 + 𝑐20𝑐2𝑚
2

2𝜋𝑣2
+

𝑇𝐻
𝑣

−
𝑐0𝑐1𝑚2

4𝜋𝑣
. (5)

his expression indicates that black holes in massive gravity theory exhibit vdW fluid-like behavior. Now, the critical points
orresponding to the first order phase-transition between a large black hole phase (LBH) and a small black hole phase (SBH) in
he extended phase space is obtained from the below conditions.

( 𝜕𝑃
𝜕𝑣

)

𝑇𝐻=0
, and

(

𝜕2𝑃
𝜕𝑣2

)

𝑇𝐻
= 0. (6)

Accordingly, we obtain,

𝑃𝑐 =
(𝑘 + 𝑚2𝑐2𝑐20 )

2

24𝜋𝑞2
. (7)

The black hole temperature is a monotonic function of 𝑟+ for 𝑃 > 𝑃𝐶 . Whereas below the critical pressure, 𝑇𝐻 have local
minimum and local maximum values. Note that this characteristic is independent of the topology of the system. In Fig. 1 we have
depicted a typical behavior of 𝑇𝐻 as a function of 𝑟+ for both 𝑃 < 𝑃𝑐 and 𝑃 > 𝑃𝑐 .

The local minima and local maxima of black hole temperature for 𝑃 < 𝑃𝑐 are determined by,

𝜕𝑇𝐻
𝜕𝑟+

= 0,

giving the solutions,

𝑟𝑚𝑖𝑛∕𝑚𝑎𝑥 = 1
√

[𝑘 + 𝑐20𝑚
2𝑐2 ∓

(

𝑘 + 𝑐20𝑚
2𝑐2 − 24𝜋𝑃𝑞2

)
1
2 ] 1

2 .
3

4 𝜋 𝑃
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Fig. 2. A plot of 𝐺 as a function of 𝑟+ for 𝑃 < 𝑃𝑐 for different temperatures. Here, 𝑘 = 1, 𝑚 = 𝑐0 = 1, 𝑞 = 0.5, 𝑐1 = 1, 𝑐2 = 0.3, 𝑇𝑚𝑎𝑥 = 0.29, and 𝑇𝑚𝑖𝑛 = 0.24.

he corresponding values of black hole temperature are given by,

𝑇𝑚𝑖𝑛∕𝑚𝑎𝑥 = 1
4
√

𝜋

[

𝑐0𝑐1𝑚
2𝜋

3
2 −

16𝜋𝑞2

⎛

⎜

⎜

⎝

𝑘+𝑐20𝑚
2𝑐2∓

(

𝑘+𝑐20𝑚
2𝑐2−24𝜋𝑃𝑞2

)
1
2

𝑃

⎞

⎟

⎟

⎠

3
2

+
4
(

𝑘 + 𝑐20𝑚
2𝑐2

)

⎛

⎜

⎜

⎝

𝑘+𝑐20𝑚
2𝑐2∓

(

𝑘+𝑐20𝑚
2𝑐2−24𝜋𝑃𝑞2

)
1
2

𝑃

⎞

⎟

⎟

⎠

1
2

+ 2𝑃
⎛

⎜

⎜

⎝

𝑘 + 𝑐20𝑚
2𝑐2 ∓

(

𝑘 + 𝑐20𝑚
2𝑐2 − 24𝜋𝑃𝑞2

)
1
2

𝑃

⎞

⎟

⎟

⎠

1
2 ]

.

Further analysis shows, when the black hole temperature lies 𝑇min < 𝑇𝐻 < 𝑇max, there exist three branches of black hole solution
(i.e. small, intermediate, and large black hole), in which the intermediate solution is unstable. Also, there is a first-order phase
transition from the SBH to the LBH similar to the van der Waals liquid–gas system. As mentioned before, free energy landscape is
a useful tool to study phase transitions. In the following section, we investigate the characteristics of first-order phase transition of
black holes using Gibbs free energy landscape.

3. Gibbs free energy landscape

We consider a canonical ensemble composed of a series of black hole spacetimes at a given temperature 𝑇 . The free energy
andscape is constructed by specifying Gibbs free energy to every spacetime state. The stable branches of black hole solutions are
ssociated with on-shell Gibbs free energy that can be obtained either from the Euclidean action [49] or from the thermodynamic
elationship,

𝐺 = 𝑀 − 𝑇𝐻𝑆. (8)

owever, we need an expression for a generalized free energy (off-shell) to describe other black hole states as well (such as transient
r excited states that are not a solution to the gravity theory). According to the free energy landscape formalism, the generalized
ree energy is obtained by replacing 𝑇𝐻 with the ensemble temperature (𝑇 ) in Eq. (8).

𝐺 = 𝑀 − 𝑇 𝑆 =
𝑟+
2

(

𝑘 +
𝑞2

𝑟2+
+ 8

3
𝑃𝜋𝑟2+ + 𝑚2

(

𝑐20𝑐2 +
𝑐0𝑐1𝑟+

2

)

)

− 𝜋𝑇 𝑟2+. (9)

n this construction, the black hole radius is taken as the order parameter describing the microscopic degrees of freedom of the
ystem. The Gibbs free energy landscape as a function of the black hole radius for 𝑃 < 𝑃𝑐 at different values of the temperature is
tudied in Fig. 2. When 𝑇 < 𝑇min, there is only one global minimum for the Gibbs free energy and corresponds to the pure radiation
hase. At 𝑇 = 𝑇min, there is an inflection point. For 𝑇 > 𝑇min, two black hole phases emerge (small and large black hole phases).
he smaller and larger black holes correspond to local minima of Gibbs free energy.

For 𝑇min < 𝑇 < 𝑇max, the Gibbs free energy has three local extremum values, in which two are stable and one is unstable. The
xtremum values are determined by,

𝜕𝐺
𝜕𝑟+

= 0

⇒
𝑘 + 𝑚2

(

𝑐20𝑐2 + 𝑐0𝑐1𝑟+
)

−
𝑞2
2
− 2𝜋𝑟+

(

𝑇 − 2𝑃𝑟+
)

= 0. (10)
4

2 2 2𝑟+
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Fig. 3. The phase diagram of dRGT black holes. Here, 𝑇max, 𝑇min, and 𝑇trans are plotted as a function of 𝑃 from 0 to 𝑃𝑐 . SBH is stable in the blue region whereas
LBH is stable in the gray region. In this plot, the black line represents the coexisting curve.

Solving this equation for radius, we obtain the expressions for small, large, and intermediate black hole states. Out of three
branches, the small and large states are locally thermodynamically stable (gibbs free energy has a minimum). The Gibbs free energy
corresponding to the intermediate black hole state has a maximum value and therefore is unstable. Now, the expression for the free
energy corresponding to these small, large, and intermediate states obtained in terms of their radius as,

𝐺𝑠∕𝑚∕𝑙 =
𝑟𝑠∕𝑚∕𝑙
2

𝜂 +
3𝑞2

4𝑟𝑠∕𝑚∕𝑙
− 2

3
𝑃𝜋𝑟3𝑠∕𝑚∕𝑙 , (11)

where 𝜂 = 𝑘 + 𝑐2𝑚2. One can quantify the free energy landscape topography by constructing free energy barrier heights from SBH
to the intermediate black hole (𝐺(𝑟𝑚) − 𝐺(𝑟𝑠)) and from the intermediate black hole to LBH (𝐺(𝑟𝑚) − 𝐺(𝑟𝑙)). We observe that both
barrier heights are monotonic functions of temperature. Similar to the RN-AdS black holes, the barrier height from SBH to the
intermediate black hole decreases with temperature, whereas, the barrier height from the intermediate black hole to the large black
hole increases [25].

As the temperature increases, the local minimum of Gibbs free energy lowers until it becomes zero at 𝑇 = 𝑇trans, where 𝑇trans is
known as the transition temperature. At this point, the Gibbs free energy of large and small black holes are equal. Therefore, the
transition temperature can be obtained from the following equations:

1
2
(

𝜂 + 𝑐1𝑟𝑠
)

−
𝑞2

2𝑟2𝑠
− 2𝜋𝑟𝑠

(

𝑇 − 2𝑃𝑟𝑠
)

= 0,

1
2
(

𝜂 + 𝑐1𝑟𝑙
)

−
𝑞2

2𝑟2𝑙
− 2𝜋𝑟𝑙

(

𝑇 − 2𝑃𝑟𝑙
)

= 0,

and
𝑟𝑠
2
𝜂 +

3𝑞2

4𝑟𝑠
− 2

3
𝑃𝜋𝑟3𝑠 =

𝑟𝑙
2
𝜂 +

3𝑞2

4𝑟𝑙
− 2

3
𝑃𝜋𝑟3𝑙 ;

he expressions for the small and large black hole radii is readily obtained as,

𝑟𝑠 =
1

8 (𝜋𝑃 )
3
2

[

(𝜂 + 𝜔)
(

𝜂 (𝜂 + 𝜔) − 12𝑃𝜋𝑞2
)

]
1
2 ,

𝑟𝑙 =
1

4𝜋𝑃 (𝜂 + 𝜔)

[

𝜂 (𝜂 + 𝜔) − 12𝑃𝜋𝑞2 + 4
√

𝜋
(

𝑃 (𝜂 + 𝜔)
(

𝜂 (𝜂 + 𝜔) − 12𝑃𝜋𝑞2
))

1
2 . (12)

Here, 𝜔 =
√

𝜂2 − 24𝑃𝜋𝑞2. Now the transition temperature is obtained as,

𝑇trans =
6
√

𝑃𝜋𝑡2 (𝜂 + 𝜔) − 2𝑞2 (𝑃𝜋)
3
2 (49𝜂 + 13𝜔) + 𝑐1𝑚2 (𝜂 + 𝜔)

3
2
√

𝜂 (𝜂 + 𝜔) − 12𝜋𝑃𝑞2

2𝜋 (𝜂 + 𝜔)
3
2
√

𝜂 (𝜂 + 𝜔) − 12𝜋𝑃𝑞2
.

A thermodynamic phase diagram is given by plotting 𝑇max, 𝑇min, and 𝑇trans as a function of 𝑃 . For a chosen parameters of the system
𝑘 = 1, 𝑚 = 1, 𝑞 = 𝑐1 = 𝑐2 = 0.05), the curves divide the 𝑃 − 𝑇 plane into four thermodynamic phase regions. In Fig. 3, the blue,
lack, and red lines represent 𝑇max, 𝑇trans, and 𝑇min respectively.

Note that the structure of the phase diagram is similar to the case of AdS black hole [25]. The region above the blue line as well
s below the red line corresponds to a single black hole solution which is always thermodynamically stable. The rest of the phase
iagram represents three black hole solutions. Along the black curve, the free energies of small and large black holes are equal,
nd both these solutions coexist along this curve with equal probability. Therefore, the black line is called the coexisting curve. We
5

bserve that the free energy of the SBH phase is less than the free energy of LBH in the region between the black and red curves,
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and the free energy of the SBH phase is greater than the free energy of the LBH in the region between the black and blue curves. As
the system having less Gibbs free energy is thermodynamically stable, we conclude that the small black hole is stable in the region
between the red and black curves whereas the large black hole is thermodynamically stable in the region enclosed by the black
and blue lines. However, from the ensemble point of view, one stable black hole state may turn into another stable state due to
thermal fluctuations. The dynamics of such evolution of the system are described by the probabilistic Fokker–Planck equation. We
will study the dynamics of the phase transition in the following section.

4. Probabilistic evolution on the free energy landscape

Now, we study the kinetics of black hole phase transition by considering black holes as thermodynamic states in the extended
hase space. We have observed that large and small black hole phases can switch into each other due to the presence of thermal
luctuations. As the horizon radius 𝑟+ is considered as the order parameter characterizing the black hole phases, the probability

distribution of the thermodynamic state can be considered as a function of 𝑟+ and time 𝑡.

4.1. Fokker–Planck equation and probabilistic evolution

We denote the probabilistic distribution function of black hole states by 𝜌(𝑟+, 𝑡). The evolution of the distribution function is
governed by the probabilistic Fokker–Planck equation given by [50,51],

𝜕𝜌(𝑟+, 𝑡)
𝜕𝑡

= 𝐷 𝜕
𝜕𝑟

{

𝑒−𝛽𝐺(𝑟+) 𝜕
𝜕𝑟

[

𝑒𝛽𝐺(𝑟+)𝜌(𝑟+, 𝑡)
]

}

. (13)

Here, 𝐷 is the diffusion coefficient given by 𝐷 = 𝑘𝑇 ∕𝜉, with 𝑘, 𝜉 denoting the Boltzmann constant and dissipation coefficient
respectively. Also, the quantity 𝛽 = 1∕(𝑘𝑇 ) is the inverse temperature of the system. For convenience, we take 𝑘 = 𝜉 = 1 without the
loss of generality. To solve the Fokker–Planck equation, we need to impose two boundary conditions. The first one is the reflecting
boundary condition which preserves the normalization of the probability distribution. At 𝑟+ = 𝑟0, we set,

𝑒−𝛽𝐺(𝑟+) 𝜕
𝜕𝑟

[𝑒𝛽𝐺(𝑟+)𝜌(𝑟+, 𝑡)]
|

|

|

|

|𝑟+=𝑟0

= 0,

which can be rewritten as,

𝛽𝐺′(𝑟+)𝜌(𝑟+, 𝑡) + 𝜌′(𝑟+, 𝑡)
|

|

|

|

|𝑟+=𝑟0

= 0, (14)

where the prime denotes the derivative with respect to the order parameter 𝑟+. The second boundary condition sets the value of
the distribution function to zero,

𝜌(𝑟0, 𝑡) = 0. (15)

In the following analysis, we chose the reflecting boundary condition at 𝑟0 = 0 and 𝑟0 = ∞. The initial distribution is taken to be a
Gaussian wave packet located at 𝑟𝑖, which is a good approximation of 𝛿- distribution.

𝜌(𝑟+, 0) =
1

√

𝜋𝑎
𝑒−

(𝑟−𝑟𝑖 )2

𝑎2 , (16)

where the parameter 𝑎 is a constant that determines the initial width of the wave packet. Note that the initial distribution is well
normalized, and as a consequence of the reflection boundary condition, 𝜌(𝑟+, 𝑡) will remain normalized during the evolution. The
parameter 𝑟𝑖 denotes the radius of the initial black hole state. We may choose either 𝑟𝑖 = 𝑟𝑠 representing SBH as the initial state or
𝑟𝑖 = 𝑟𝑙 for LBH. Suppose we chose 𝑟𝑖 = 𝑟𝑙 at 𝑡 = 0. As the distribution evolves, we observe a non-zero probability distribution for
both SBH and LBH states. This indicates the phase transition between LBH and SBH phases due to thermal fluctuations. The time
evolution of 𝜌(𝑟+, 𝑡) is plotted in Fig. 4.

In Figs. 4(a) and 4(b), we set 𝑟𝑖 = 𝑟𝑠, and studied the evolution of the distribution for two values of the transition temperatures
(𝑇trans = 0.4, 0.5). Initially, the probabilistic distribution is peaked at 𝑟+ = 𝑟𝑠. The probabilistic distribution becomes quasi-stationary
in a short time with peaks at small and large black hole states. After some time, the height of 𝜌(𝑟+, 𝑡) at 𝑟+ = 𝑟𝑠 decreases while
another peak starts to develop at 𝑟+ = 𝑟𝑙. This implies the leakage of SBH state to LBH state. Further, as 𝑡 → ∞, 𝜌(𝑟+, 𝑡) becomes a
stationary state. A similar behavior is observed if we take the initial state to be a large black hole. The corresponding evolution for
two different temperatures is depicted in Figs. 4(c) and 4(d).

The above analysis can be made more apparent by comparing the behavior of 𝜌(𝑟𝑠, 𝑡) and 𝜌(𝑟𝑙 , 𝑡) as time progresses, where 𝜌(𝑟𝑠, 𝑡),
𝜌(𝑟𝑙 , 𝑡) represent the probability distribution of SBH and LBH states respectively. In Fig. 5, the evolution of probability distribution for
both black hole states is depicted for two different transition temperatures. In both cases, we have taken the initial black hole state
to be SBH. In other words, at 𝑡 = 0, 𝜌(𝑟𝑠) takes a finite value but 𝜌(𝑟𝑙) vanishes. Fig. 5(a) describes the evolution of both probability
distributions for a transition temperature 𝑇trans = 0.4. Now, as time increases, the height of 𝜌(𝑟𝑠, 𝑡) decreases while that of 𝜌(𝑟𝑙 , 𝑡)
increases, indicating the leakage of black hole states from SBH to LBH. For large values of time, both 𝜌(𝑟𝑠, 𝑡) and 𝜌(𝑟𝑙 , 𝑡) approaches a
6

final stationary state where 𝜌(𝑟𝑠) = 𝜌(𝑟𝑙). In Fig. 5(b), the same evolution is drawn but for a higher transition temperature, 𝑇trans = 0.5.
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Fig. 4. A plot of probability distribution as a function of horizon radius and time. The initial black hole phase in (a) and (b) is SBH, and in (c) and (d) is
LBH. The coexistent temperatures are 𝑇trans = 0.4 in left panel and 𝑇trans = 0.5 in right panel with 𝑐1 = 2, 𝑞 = 1, 𝑚 = 1, 𝑐0 = 1, 𝑐2 = 5 and 𝑘 = 1.

Fig. 5. The evolution of probability distribution function with the initial Gaussian wave packet at SBH is plotted for two values of coexisting temperatures.
The red solid and blue dashed lines represent 𝜌(𝑟𝑠 , 𝑡) and 𝜌(𝑟𝑙 , 𝑡), respectively. The coexistent temperatures are (a) 𝑇trans = 0.4. (b) 𝑇trans = 0.5, with
𝑐1 = 2, 𝑞 = 1, 𝑚 = 1, 𝑐0 = 1, 𝑐2 = 5 and 𝑘 = 1.

From the figure, we observe that for larger transition temperatures, both distributions reach the stationary state more rapidly. A
7

similar analysis can be carried out by taking other black hole states as the initial configuration giving the same results.
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Fig. 6. The time evolution of 𝛴(𝑡); (a) the state remains at the initial state SBH, and (b) the system remains at LBH. Red solid and blue dashed curves are for
he coexistent temperatures 𝑇trans = 0.4 and 𝑇trans = 0.5, respectively, with 𝑐1 = 2, 𝑞 = 1, 𝑚 = 1, 𝑐0 = 1, 𝑐2 = 5 and 𝑘 = 1.

In the coming session, we employ the first passage process to discuss the kinetics of black hole phase transitions in massive
ravity theory. The first passage time is an important quantity as the average timescale for a stochastic process to occur for the first
ime is characterized by mean first passage time.

.2. First passage time

In transition state theory, the first passage time is defined as the time required for a stable thermodynamic phase to reach an
nstable transition state for the first time due to thermal fluctuations in the system. For black hole system, we define the first passage
ime as the time required for a stable black hole state (SBH) to reach the unstable transition state, represented by the peak of the
ibbs free energy. Now, the probability that the present state of SBH that has not made a first passage by time 𝑡 is defined as [24],

𝛴(𝑡) = ∫

𝑟𝑚

0
𝜌(𝑟+, 𝑡)𝑑𝑟+, (17)

here 𝑟𝑚 is the radius of the intermediate black hole state obtained from Eq. (10). As time progress, the probability that the system
emains at SBH decreases and approaches zero as 𝑡 → ∞, i.e., 𝛴(𝑡)𝑡→∞ = 0. This is due to the fact that the normalization of the
robability distribution is preserved in this case. Similarly, one can start with an LBH state and define the probability distribution
hat the initial LBH state has not made a first passage by time 𝑡 as,

𝛴(𝑡) = ∫

∞

𝑟𝑚
𝜌(𝑟+, 𝑡)𝑑𝑟+, (18)

he time evolution of 𝛴(𝑡) for both SBH and LBH for two values of transition temperatures are plotted in Fig. 6. The probability
istribution is clearly seen to vanish for long-time evolutions. Further, the probability distribution decreases faster for transitions at
igher temperatures.

Now, the first passage time is the probability that a small black hole state passes through the intermediate state for the first time
n the interval (𝑡, 𝑡 + 𝑑𝑡). The distribution of first passage time is given by,

𝐹𝑝(𝑡) = −
𝑑𝛴(𝑡)
𝑑𝑡

. (19)

Substituting for 𝛴(𝑡) and using the Fokker–Planck’s equation along with the reflecting boundary condition at 𝑟+ = 0 and absorbing
boundary condition at 𝑟+ = 𝑟𝑚, we get the following expression for the first passage time.

𝐹𝑝(𝑡) = −𝐷 𝜕
𝜕𝑡
𝜌(𝑟+, 𝑡)

|

|

|

|

|𝑟=𝑟𝑚

. (20)

The distribution of first passage time for both SBH to LBH and LBH to SBH phase transitions are plotted for different transition
temperatures (Fig. 7). In Fig. 7(a), the initial distributions are Gaussian wave packets located at the small black hole state. The single
peak in the first passage time within a short period indicates that a considerable fraction of the first passage events have occurred
before the distribution attains its exponential decay form. As time increases the peak becomes sharper. The curves corresponding to
different transition temperatures show similar behavior of the first passage time. Further, when the initial state is SBH, the location
of the peak moves to the left (lower value of time) when the transition occurs at larger transition temperatures. These characteristics
can be justified by looking at the behavior of the barrier height between the small and intermediate black hole states as a function
of temperature. As mentioned in Section 3, 𝐺(𝑟𝑚) − 𝐺(𝑟𝑠) decreases as temperature increases. Therefore, the small black hole state
8

can cross the barrier to reach the intermediate state easily at higher transition temperatures. However, if the initial distribution is
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Fig. 7. A plot of 𝐹𝑝(𝑡) as the function of time: (a) from SBH to LBH, and (b) from LBH to SBH. Solid red and dashed blue lines represent the coexistent
emperatures 𝑇trans = 0.4 and 𝑇trans = 0.5, respectively. Here, 𝑐1 = 2, 𝑞 = 1, 𝑚 = 1, 𝑐0 = 1, 𝑐2 = 5 and 𝑘 = 1.

eaked at a large black hole state, the location of the peak moves to the right (higher values of time) when the transition occurs
t larger transition temperatures Fig. 7(b). Similar to the previous case, this behavior is explained as follows: As the barrier height
(𝑟𝑚)−𝐺(𝑟𝑙) increases with the temperature, the large black hole state takes more time to cross the barrier under thermal fluctuations.
hese results are qualitatively similar to the case of dynamics of phase transitions charged AdS black holes presented in [25].

In the following, we investigate the role of mass and the topological parameter on the results discussed above on the dynamic
hase transition of black holes in massive gravity theory.

. The effect of mass and topology

Note that the numerical results presented so far in the investigation of the dynamics of black hole phase transition in dRGT
on-linear massive gravity theory consider only certain values of the parameters in the system. It remains to study the behavior
f time evolution of the probability distribution and the first passage time by varying those parameters. However, as the theory
ossesses too many variables, we will be considering the effect of mass and topology only.

In Fig. 8, the evolution of the probability distribution function is plotted for different topologies and masses. Here, we have
onsidered planar (𝜅 = 0), hyperbolic (𝜅 = −1), and spherical (𝜅 = 1) topologies. For the sake of demonstration, the initial black
ole is taken as the SBH state and the transition temperature is 𝑇trans = 0.4 (Fig. 8(a)). One can see from the figure that the height
f 𝜌(𝑟𝑠, 𝑡) decreases rapidly for 𝜅 = −1, indicating a quick leakage of the black hole state from SBH to LBH. In the case of planar
opology, the transition is less rapid and in the spherical case, the evolution is slow. This means that out of three, the spherical
lack holes attain the stationary state only after a long evolution. Further, the value of the probability distribution at the stationary
tate (𝜌(𝑟𝑠) = 𝜌(𝑟𝑙)) is highest for the spherical case compared to the planar and hyperbolic cases. The effect of the mass parameter
hows similar behavior. As 𝑚 increases, the system attains its final stationary state slowly, i.e., as the mass increases the small black
ole state leaks towards the large black hole state slowly (Fig. 8(b)).

Next, we address the effect of topology and mass on the probability distribution of first passage time. In Fig. 9., we have
onsidered an initial SBH state with the topologies 𝜅 = 0,−1 and 1. For a given transition temperature, the SBH state reaches
he intermediate state in a small duration of time for hyperbolic topology. In the case of spherical topology, the corresponding time
s maximum Fig. 9(a). Further, we observe that the time taken to reach the intermediate state, starting from a SBH increases as
ass increases (Fig. 9(b)).

. Discussions

In this paper, we have studied the dynamics of black hole phase transitions in dRGT non-linear massive gravity theory using
he free energy landscape. Thermodynamic characterization and different black hole phases are discussed by considering the black
ole radius as the order parameter. Emergent phases of small and large black holes as well as the coexisting curve between these
tates are shown. The switching of one black hole phase to another due to thermal fluctuations is addressed in terms of first passage
ime. Further, we have solved the Fokker–Planck equation numerically and the results are explained. The results we have presented
re qualitatively similar to the findings of [25]. Finally, we have discussed the effect of mass parameters and the topology on the
volution of black hole phase transition between small and large black hole states. We believe that the dependance of switching
ime from small black holes to large black hole states with mass and the topology is connected to the stability of black holes and
ill be addressed in future works. Also, we would like to revisit the properties of black hole phase transitions by incorporating
awking radiation.
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Fig. 8. The effect of the parameters on the time evolution of the probability distribution 𝜌(𝑟+, 𝑡). The solid and dashed curves correspond to
the functions 𝜌(𝑟𝑠, 𝑡) and 𝜌(𝑟𝑙 , 𝑡), respectively. The initial Gaussian wave packet is located at the SBH state. (a) The effect of topology. Black,
blue, and red correspond to 𝑘 = 1, 0,−1, respectively. The coexistent temperature is 𝑇trans = 0.4. (b) The effect of mass parameter 𝑚. Red, blue,
and black correspond to 𝑚 = 0, 0.07, 0.1, respectively. The coexistent temperature is 𝑇trans = 0.03. The other parameters in these two plots are
𝑐1 = 2, 𝑞 = 1, 𝑚 = 1, 𝑐0 = 1, 𝑐2 = 5, and 𝑘 = 1.

Fig. 9. The effect of the spacetime parameters on the probability distribution of the first passage time 𝐹𝑝(𝑡) is shown. We consider the case
for SBH (initial) state to LBH state. (a) The effect of topology. Black, blue, and red solid lines are for 𝑘 = 1, 0,−1, respectively. The coexistent
temperature is 𝑇trans = 0.4. (b) The effect of mass parameter 𝑚. Red, blue, and black correspond to 𝑚 = 0, 0.07, 0.1, respectively. The coexistent
temperature is 𝑇trans = 0.03. The other parameters in these two plots are 𝑐1 = 2, 𝑞 = 1, 𝑚 = 1, 𝑐0 = 1, 𝑐2 = 5, and 𝑘 = 1.
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